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Abstract
Computer simulations are used to model of complex physical systems. Often, these models represent the solutions (or at least 
approximations) to partial differential equations that are obtained through costly numerical integration. This paper presents 
a survey of two important statistical/machine learning approaches that have shaped the field of scientific modeling. Firstly 
we survey the developments on Bayesian calibration of computer models since the seminal work by Kennedy and O’Hagan. 
In their paper, the authors proposed an elegant way to use the Gaussian processes to extend calibration beyond parameter 
and observation uncertainty and include model-form and data size uncertainty. Secondly, we also survey physics-informed 
neural networks, a topic that has been receiving growing attention due to the potential reduction in computational cost and 
modeling flexibility. In addition, in order to help the interested reader to familiarize with these topics and venture into custom 
implementations, we present a summary of applications and software tools. Finally, we close the paper with suggestion for 
future research directions and a thought provoking call for action.

1 Introduction

In science and engineering, computer models are extensively 
used to understand the complex interactions between inputs 
and outputs of actual systems. These are particularly use-
ful when direct observation of the actual systems at desired 
accuracy (or precision) levels can be either prohibitively 
expensive or just impractical. Even though modeling is a 
complex task that involves several aspects including data 
collection, mathematical formulation, numerical implemen-
tation, verification and validation, Moore’s law has enabled 
scientists, engineers, and practitioners to build models with 
high degree of physical fidelity [1]. Ironically, the greater 
the computational power available, the more complex the 
simulations have become. In solid mechanics for example, it 
used to be that computational models for static analysis were 
the state of the art in the 70’s (allowing for stress and strain 
calculations) [2, 3]; while these days, we are accustomed to 

see nonlinear and transient analysis (postbuckling and crash 
analysis) [4, 5]. As a result, one can assume that state-of-the 
art simulations are likely to increase in complexity. This is 
manifested by increasing the degree of physical fidelity (e.g., 
by accounting for more input variables, extending modeling 
to system level, increasing the sophistication of the physics 
represented in the models, etc.) or even by simply refining 
discretization (e.g. mesh size) of the model. Unfortunately, 
the direct implication is that the potential computational 
speed gains due to improved hardware become reduced and 
state-of-the art simulations continue to be expensive to run.

This explains the rich literature in computational methods 
for solving problems in science and engineering (from finite 
difference and finite element methods to direct numerical 
simulation and large eddy simulation, etc.) [6–11]. In this 
paper, we assume that physics-based models represent par-
tial differential equations in a general form

where �(�, t) denotes the latent (unknown) solution, �t(�, t) 
is the derivative with respect to time, �[.] is a nonlinear 
differential operator parametrized by � , and the solution is 
obtained after proper initial and boundary conditions are 
applied. This is a general functional form, to describe both 
static and dynamic problems. Obviously, when the solution 

(1)
𝜂t(�, t) = �[𝜂(�, t);�] ,

� ∈ 𝛺 ⊂ ℝ
n , and t ∈ [0, T] ,
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is known to be invariant with time, the equations describe 
the steady state (or static) behavior.

The contributions from statistical/machine learning to 
scientific computing are countless. Nevertheless, in this 
paper, we discuss contributions from two particular research 
areas of high interest in real world applications: Bayesian 
calibration of computer models and physics-informed neu-
ral networks. As it will become clear throughout the paper, 
research in these two areas have a long history and expe-
rienced tremendous advances in mathematical formulation 
as well as computational implementation. We chose these 
two topics as they are crucial for uncertainty quantification 
of computational models as well as managing the computa-
tional cost associated with simulations.

We start by looking at the case in which at least few (tens 
to hundreds) simulation runs as well as experimental obser-
vations are available. While simulation runs are obtained 
by solving Eq. (1) with different set of parameters � and/or 
input variables � (including boundary conditions); experi-
mental data is obtained by directly observing �(�, t) . Tradi-
tionally the discrepancy between predictions and experimen-
tal observations is reduced by adjusting model parameters 
(a process commonly known as calibration, but also simply 
known as model parameter estimation). We will discuss 
contributions from the Bayesian machine learning litera-
ture that have helped extend calibration from uncertainty 
quantification of model parameters and observation process 
to also include limited number of simulations and model-
form uncertainty (ability of the simulation to describe the 
physical phenomenon).

Secondly, we will look at cases in which we acknowledge 
the challenges associated with solving Eq. (1) through tra-
ditional numerical integration methods. Often times, math-
ematical simplifications and decisions regarding numerical 
implementation will impact computational cost and accuracy 
of such models. We will discuss how contributions from 
neural network literature have helped with both numerical 
solution as well as quantification of uncertainty. We will also 
discuss recent developments and contributions that we can 
already recognize due to deep learning.

The remainder of the paper is organized as follows. Sec-
tion 2 presents a brief overview of the Bayesian calibration 
framework and discusses the key research highlights over 
the past 20 years. Section 3 reviews the rich and growing 
literature on physics-informed neural networks. Although 
there is no consensus on what the terminology entails, we 
will concentrate on methods that can directly lead to the 
solution of the differential equations and/or quantification of 
uncertainty. Sections 4 and 5 discusses examples of applica-
tions found in the open literature as well as software tools. 
Finally, section 6 closes the paper highlighting salient points 
and presenting a call for action to encourage researchers 
and practitioners to leverage the rich techniques that have 

already been developed in diverse applications and continue 
to expand the field.

2  Bayesian calibration of computer models

In this section, we highlight and discuss some of the impor-
tant contributions from the machine learning literature 
regarding the calibration of computer models. Although 
there is important research done throughout history, we 
mainly focus on developments regarding Bayesian calibra-
tion framework over the past 20 years.

2.1  Brief overview

Calibration refers to the process of estimating values of 
model parameters (physical or otherwise) using observations 
made at several input conditions. For example, consider a 
simple linear spring that is fixed at one end and a force is 
applied at the other end. This system is described by the 
simple linear model f = kx ; where f is the magnitude of the 
applied force, k is the spring stiffness, and x is the displace-
ment. In a perfect world, one experiment would be sufficient 
to estimate k. However, when accounting for uncertainties in 
measurements and spring-to-spring variation (due to manu-
facturing), taking at least a few observations is a prudent 
approach. If the system is observed at various input condi-
tions and assuming that such observations are contaminated 
with noise, we can formulate that:

where fi are the output observations; xi are the input set-
tings; k is the calibration parameter; and �i represents the 
variability in observation.

With the physics-based model and the experimental 
observations in place, one can perform calibration using 
a variety of techniques, from simple least-squares optimi-
zation to a fully probabilistic calibration. A least squares 
approach would yield a single number of k and a probabil-
istic calibration will result in a full distribution for k that 
accounts for both model uncertainty and data uncertainty.

However, calibration can go beyond just quantifying 
the uncertainty in model parameters due to variability in 
observations. It also allows for quantification of model-form 
uncertainty (due to simplifications and degree of physical 
fidelity of the model). For example, consider the case in 
which the spring exhibits nonlinear behavior that is depend-
ent on the displacement x. In this case, a potentially appro-
priate mathematical model is:

(2)fi = f (xi) = kxi + �i ,

(3)fi = f (xi) = k̂
(
xi
)
xi + 𝜖i ,
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where k̂
(
xi
)
 is the displacement dependent spring stiffness. If 

we did not know the function that represents the stiffness of 
the nonlinear spring, then we could reformulate the problem 
as follows:

where kxi is the known portion of model; and �(xi) is the 
representation of the model-form uncertainty (sometimes 
referred to as “missing physics”). As we will discuss next, 
much of the advances in Bayesian calibration happened 
due to the implications of moving from Eq. (3) to Eq. (4). 
The change seems subtle and might break down some of 
the fundamental perceptions that the uninitiated have about 
calibration. We argue that splitting uncertainty in model 
parameter, model-form, and observation uncertainty goes 
beyond “curve fitting” (which we believe is a gross misun-
derstanding of the calibration process).

Kennedy and O’Hagan [12] published their seminal paper 
in 2001. They introduced a Bayesian approach to calibra-
tion based on the Gaussian process model that expanded 
calibration from quantifying uncertainties due to model 
parameters (traditional calibration) and observation process 
to also quantifying uncertainty due to limited number of 
simulations and discrepancy between the simulation code 
and the actual physical system. For simplicity, we write their 
proposed formulation as follows:

where �i are the input settings like geometry and directly 
measurable variables; t denote time; � are the output obser-
vations; �(�i, t;�) is the simulator; � is the set of calibration 
parameters that cannot be directly measured (e.g. coefficient 
of thermal expansion); and �(�i, t) is an stochastic term that 
accounts for discrepancy between simulator and reality.

The Kennedy and O’Hagan framework is equally valid 
when simulations are computationally affordable or other-
wise. When simulations are expensive and only few runs are 
available, a standard prior model for both the simulator and 
the unknown discrepancy is a Gaussian process. If the col-
lection of response observations is � = [�T , �T ] , then:

where � , � , and � are hyperparameters of the Gaussian pro-
cess models; L(.) is the likelihood of observed data given 

(4)fi = f (xi) = kxi + �(xi) + �i ,

(5)y(�i, t) = �(�i, t;�) + �(�i, t) + �i ,

(6)

p(�,�, �, �|�) =
L(�|�,�, �,�,�)p0(�)p0(�, �,�)

∫ L(�|�,�, �,�,�)p0(�)p0(�, �,�)d�d�d�d�
,

L(�|�,�, �,�,�) =

|�|−
1

2 exp
[
−
1

2
(� − �)T�−1(� − �)

]
, and

� = �� +

[
�y 0

0 0

]
,

the set of hyperparameters; p0 are prior distributions for the 
hyperparameters; and � is the covariance matrix (defined 
in terms of parameters � , and � ). Equation (6) is known to 
be intractable and numerical integration is usually carried 
out using a Markov Chain Monte Carlo (MCMC) method 
[13, 14].

Solving Eq. (6) returns the joint posterior distribution of 
parameters � , � , � , and � . Therefore, besides understand-
ing uncertainties in the calibration parameters � , one can 
also perform predictions at points that were not previously 
observed (simulations or experiments) with the resulting 
Gaussian process model:

Further details about this formulation can be found in [12, 
15].

2.2  Summary of the past 20 years

We focus on research published over the past 20 years 
mainly because that marks an expressive growth in popu-
larity of Bayesian methods amongst researchers and practi-
tioners. Figure 1 illustrates the volume and impact of Bayes-
ian calibration related publications in this time frame. Data 
was obtained using the Publish or Perish software [16] and 
Google Scholar database1. Our goal is simply illustrating the 
growth of the literature, instead of providing a comprehen-
sive and detailed analysis. Although the specific numbers 
may vary, as the Google database is updated, Fig. 1a shows 
a steady growth in the number of published papers. The 
number of papers with “title words” containing “Bayesian 
calibration” seems comparable with papers containing much 
broader “title words” such as “Bayesian ‘machine learning”’ 
and “Bayesian ‘neural networks’.” Figure 1b complements 
Fig. 1a, showing the number of citations received by papers 
published since 2001 with “title words” containing “Bayes-
ian calibration.” In each year, at least one published paper 
is likely to accumulate more than 100 citations up to date. 
In fact, around 20 publications have received more than 100 
citations (some of which are exemplified in Fig. 1b). It is 
clear that the work on Bayesian calibration is deemed useful 
by a subsection of researchers and practitioners.

With more than 3,000 citations by the time this paper 
was written, there is no question Kennedy and O’Hagan’s 
paper [12] has made tremendous impact in the scientific 
community. Figure 2 illustrates the impact of this paper by 
looking at its citations since 2001. With Fig. 2a, we can 
conclude the paper has shown steady growth of citations 

(7)
[

y(�)

�(�,�)

]
∼ GP(�,�) .

1 scholar.google.com
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since its publication (with no strong indication of decline 
yet nor decrease in citation rates). Figure 2b illustrates the 
number of citations the work citing Kennedy and O’Hagan 
[12] paper gathered over time. More than a measure of the 
secondary impact, the numbers substantiate the recognition 
given by the scientific community to the seminal work and 
the need for the proposed solution. For example, we found 
that around 10 publications have more than 1,000 citations 
(as highlighted in Fig. 2b).

Now, consider Tab. 1, which identifies frequently cited 
review/tutorial/discussion papers published in the past two 
decades. We would like to use it to draw attention to some 
recurrent themes in Bayesian methods for improving predic-
tive modeling with information coming from experiments. 
As expected, these papers recognize that calibration involves 
adjusting model parameters so that simulations can match 
experimental observations. However, there is also agreement 
that calibration goes beyond model parameter estimation 
and also includes simultaneous estimation of a model for 
residual discrepancy between simulation and experiments 

(a.k.a model-form uncertainty). In our opinion, this is a 
very important point with two practical implications. First, 
it brings the recognition that physics-based models have 
fundamental disagreements with the observed system. Part 
of the disagreement is due to numerical solvers used to inte-
grate the differential equations. However, another part of 
the disagreement is also due to model simplifications and 
assumptions. In the literature, this model-form uncertainty 
is sometimes referred to as “missing physics.” Second, it 
brings the the recognition that model-form uncertainty 
can be simultaneously estimated as part of calibration (as 
opposed to only tuning model hyperparameters).

Over the past 20 years, the framework Bayesian calibra-
tion of computer models has evolved dramatically. Figure 3 
helps us seeing that contributions came both in the form of 
modeling and algorithms. We will provide very few samples 
of papers published over the past 20 years on a decade basis.

Sample of papers published between 2001 and 2010 This 
first decade is characterized by intense discovery of what 
could be accomplished with the framework for Bayesian 

Fig. 1  Statistics on Bayesian 
calibration related publica-
tions. (a) Published papers 
per year for different “Title 
words”. (b) Citations vs year of 
publication for “Title words = 
Bayesian calibration”. Kennedy 
and O’Hagan seminal paper 
[12] was cited more than 3,000 
times and was left out of this 
plot to avoid discrepancy in the 
order of magnitude of number 
of citations. Publications with 
more than 100 citations include 
[17]-[27]. Data obtained from 
Google Scholar using Search 
the “Publish or Perish” software 
on 10-Apr-2020. Search limited 
to Years: 2001 to 2019. Year 
2020 was left out since search 
does not reflect total number of 
publications in the year yet
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calibration of computer models. Papers addressed both fun-
damental formulation as well as presented study cases com-
patible with the computer power available at the time. Some 
of the papers published in this era include:

• 2001—Kennedy and O’Hagan [12] published their sem-
inal paper introducing the Bayesian calibration frame-
work. They explained in details how their approach can 
handle model-form uncertainty and limitation on number 
of data points besides uncertainty in model parameters 
and observation. Then they developed the formulation 
using the Gaussian process model. They illustrated the 
performance of the newly proposed method using data 
from a nuclear radiation release and a complex nuclear 
accident simulation.

• 2004—Higdon et al. [15] discussed the Bayesian cali-
bration framework in a language and formulation that 
is accessible and rigorous at the same time. From a 
modeling perspective, the paper detail how the formu-
lation evolves from the case in which simulation are 

cheap-to-evaluate (i.e., unlimited simulation runs), to 
the case of computationally expensive simulations, and 
finally to the case in which model-form uncertainty 
is accounted. Authors showed how the methodology 
can be applied using two examples: a charged particle 
accelerator and a spot welding process.

• 2005 and 2008—Higdon et al. [45, 46] and McFarland 
et al. [47] showed how to extend the Bayesian calibra-
tion framework to cases with multivariate outputs. Hig-
don et al. used principal components analysis to reduce 
the dimensionality of the problem and demonstrated 
their approach on models for steel cylinders imploded 
by a high-explosive charge. On the other hand, McFar-
land et al. opted for a greedy point-selection approach 
and demonstrated their approach on the thermal simu-
lation of a decomposing foam.

• 2008—Higdon et al. [22] and extended their approach 
based on principal component analysis to aid with 
the calibration of models for time-dependent outputs. 
McFarland et al. [47] had also showed how their greedy 

Fig. 2  Statistics on papers citing 
Kennedy and O’Hagan [12]. 
(a) Number of citations vs year 
of publication. (b) Citations vs 
year of publication for citing 
work. Publications that cited 
Kennedy and O’Hagan and 
have collected more than 1,000 
citations include [28]-[37]. Data 
obtained from Google Scholar 
using the “Publish or Perish” 
software on 15-Apr-2020
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point-selection approach is able to handle time series 
data.

• 2008—Bliznyuk et al. [48] discussed how to extend the 
formulation to radial basis function, which came as an 
alternative with potential gains in computation cost due 
to elimination of the covariance matrix (improving the 
cost associated with Markov Chain Monte Carlo inte-
gration) Authors illustrated their approach on simulated 
data for a pollutant diffusion problem.

• 2008—Kumar [49] proposed an scheme for sequential 
data acquisition (a.k.a. sequential sampling) with the goal 
to improve model predictivity and allocation of resources 
(experimental vs. simulation data).

• 2009—Henderson et al. [50] studied computer mod-
els with stochastic outputs (i.e., case which simula-
tors return different output values from the same input 
values). They proposed an interesting solution for the 
problem using a stochastic parametric model with 

Table 1  Motivation for some previous review/tutorial/discussion papers about Bayesian methods for calibration of computer models

Paper Year Motivation

Higdon et al. [15] 2004 Introduction: “...We take a Bayesian approach that closely follows that of Kennedy and O’Hagan 
(2001). This approach explicitly models uncertainty in model inputs, uncertainty due to limited 
numbers of simulation runs, and discrepancy between the simulator and the actual physical system.”

Trucano et al. [38] 2006 Abstract: “One very simple interpretation of calibration is to adjust a set of parameters associated 
with a computational science and engineering code so that the model agreement is maximized with 
respect to a set of experimental data...”

Campbell [39] 2006 Abstract: “This paper surveys issues associated with the statistical calibration of physics-based 
computer simulators...Statistical calibration means refining the prior distributions of such uncertain 
parameters based on matching some simulation outputs with data, as opposed to the practice of “tun-
ing” or point estimation that is commonly called calibration in non-statistical contexts.”

Chen et al. [40] 2010 Introduction: “...Computer models never reproduce reality perfectly. This is explicitly modeled by 
introducing a discrepancy (or bias) function between the real process and the model...”

Arendt et al. [41] 2012 Abstract: “While calibration is often used to tune unknown calibration parameters of a computer 
model, the addition of a discrepancy function has been used to capture model discrepancy due to 
underlying missing physics, numerical approximations, and other inaccuracies of the computer 
model that would exist even if all calibration parameters are known.”

Brynjarsdottir and O’Hagan [42] 2014 Abstract: “...The main goal of calibration is usually to improve the predictive performance of the 
simulator but the values of the parameters in the model may also be of intrinsic scientific interest in 
their own right. In order to make appropriate use of observations of the physical system it is impor-
tant to recognize model discrepancy, the difference between reality and the simulator output...”

Ghosh et al. [43] 2020 Abstract: “Industrial applications frequently pose a notorious challenge for state-of-the-art methods in 
the contexts of optimization, designing experiments and modeling unknown physical response. This 
problem is aggravated by limited availability of clean data, uncertainty in available physics-based 
models and additional logistic and computational expense associated with experiments. In such a 
scenario, Bayesian methods have played an impactful role in alleviating the aforementioned obsta-
cles by quantifying uncertainty of different types under limited resources...”

Maupin and Swiler [44] 2020 Abstract: “Despite continuing advances in the reliability of computational modeling and simulation, 
model inadequacy remains a pervasive concern across scientific disciplines. Further challenges are 
introduced into the already complex problem of “correcting” an inadequate model when experimen-
tal data is collected at varying experimental settings...”

Fig. 3  Coarse summary of research progress in Bayesian calibration of computer models
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smoothly varying parameters (which by themselves 
are functions modeled using Gaussian process priors). 
Authors demonstrated their approach on the modeling 
of mitochondrial DNA population dynamics for dele-
tion mutation accumulation.

Sample of papers published between 2011 and 2020 In the 
past ten years, researchers kept the focus on fundamental 
issues as well as addressed very important practical aspects 
of the framework for Bayesian calibration of computer mod-
els. Some of the papers published in this era include:

• 2011—Wang et al. [51] presented a comprehensive lit-
erature review covering academic, industrial, and gov-
ernment research publications on Bayesian calibration, 
validation, prediction and uncertainty quantification.

• 2011—March et al. [52], recognizing that the Gaussian 
process allows for direct use of gradient information in 
optimization, used the Bayesian calibration framework as 
a backbone for design optimization driven by multifidel-
ity models (with applications in structural and aerody-
namic design).

• 2012 and 2016 — Arendt et al. [53–55] addressed the 
ability to properly resolve and quantify the influence of 
the multiple sources of uncertainties in Bayesian cali-
bration. The issue is known as identifiability and these 
researchers have proposed ways to identify it through 
pre-processing and analysis of computer models as well 
as ways to addressed it by incorporating observation of 
multiple responses.

• 2013—Ling and Mahadevan [56] addressed issues one 
would find when applying the Bayesian calibration 
framework to systems involving multi-physics phenom-
ena. Authors discussed formulation including interval 
data, time series data, identifiability, and simultaneous 
calibration of multiple physics-based models sharing 
common parameters with applications in microelectro-
mechanical devices.

• 2014 and 2018—Ling et al. [57] and later DeCarlo et al. 
[58] explored the explicit design of discrepancy mod-
els, as opposed to the straight use of a Gaussian process. 
Ling et al. studied the options of model discrepancy as 
a constant bias, i.i.d. Gaussian random variables with 
fixed mean and variance, Gaussian random variable 
with input-dependent mean and variance, Gaussian pro-
cess with stationary covariance function, and Gaussian 
process with non-stationary covariance function. They 
demonstrated their approach on the problem of dielectric 
charging in microelectromechanical devices. DeCarlo 
et al. focused on the resolution of the discrepancy mod-
els; and more specifically, considered global, stepwise, 
and partitioned model corrections for coupled physics 
problems. Authors demonstrated their approach using 

hypersonic wind-tunnel experiments to calibrate both 
aerodynamic heating and heat transfer models.

• Cui et al. [59] proposed an approach for handling large 
dimensional Bayesian inverse problems (such as calibra-
tion). Authors integrated the reduced-order modeling 
construction into an adaptive Markov chain Monte Carlo 
sampling method so that the accuracy of the reduced-
order model is adaptively improved. The posterior dis-
tribtution is approximated with the reduced-order model, 
which improves the efficiency of the sampling.

• 2015 and 2016 — Tuo and Wu [60, 61] addressed the still 
open issue regarding parameter identifiability and esti-
mation in the original Bayesian calibration framework. 
They defined a L2-consistency metric and demonstrated 
its optimal convergence rates.

• 2015—Chang et al. [62] studied modifications in the like-
lihood function to address computational cost associated 
with high-dimensional output data. Authors introduced 
a composite likelihood that relies on the dependence 
between block means and dependence within each block. 
They demonstrated their approach with a climate model 
calibration problem.

• 2017—Oakley and Youngman [63] studied Bayesian 
calibration of computer models with stochastic outputs 
. They proposed a solution for this problem by modify-
ing the likelihood function through importance sampling 
(which effectively rules out inputs from regions where 
the likelihood is relatively low). Authors illustrated their 
approach by calibrating a model for bowel cancer.

• 2018—Wang et al. [64] preseted an approximate com-
putation of the posterior distribution used in Bayesian 
calibration of computer models. They formulate the max-
imum a posteriori computation as a stochastic optimiza-
tion problem and use sample averages to approximate 
the expectation. Authors discuss the advantages of their 
proposed method when dealing with high dimensional 
nonlinear problems.

• 2018—Cao et al. [65] proposed ways to modify the likeli-
hood function so that it can handle the use of censored 
data (as opposed to full observation of outputs, censored 
data defines intervals for output observation). Authors 
demonstrated their approach on a model for compression 
of liquid inside a bottle (liquid stability forecasting).

• 2019—Karagiannis et  al. [66] addressed the case in 
which the Bayesian framework is used to calibrate expen-
sive computer models composed of sub-models and with 
input dependent parameters. Authors proposed a method 
that uses binary trees and partition schemes so that com-
putational cost is alleviated during Markov Chain Monte 
Carlo integration. They illustrated their approach with an 
application in large-scale climate modeling.

• 2020—Jiang et al. [67] studied the relationship between 
identifiability and prior distribution of model param-
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eters as well as model-form uncertainty in the Bayesian 
calibration framework. Authors proposed a sequential 
model calibration and validation framework designed to 
improve the efficacy of both model parameter calibration 
and bias correction. They demonstrated their approach 
with the help of a composite rotorcraft hub design exam-
ple.

• Riedmaier et al. [68] presented an extensive review of 
model verification, validation, and uncertainty quantifica-
tion. Authors highlighted the importance of the Kennedy 
and O’Hagan framework for a comprehensive calibration 
of computer models, including bias correction of model 
responses. This review also attempts to compare valida-
tion, verification, and uncertainty quantification methods 
under metrics such as model formulation (differential 
equations vs. state-space, for example), hierarchy, intel-
lectual property, computational complexity, uncertainty 
types, bias correction, and many others.

2.3  Few more points on Bayesian calibration 
research

We believe that the main contribution of the Kennedy and 
O’Hagan framework was the quantification of model-form 
uncertainty. Likewise, we also believe that many of the 
developments were enabled by the use of Gaussian process 
modeling. For example, one can argue that the very nature 
of the Gaussian process allowed for incorporation of hier-
archical or multifidelity models [69–73] or the direct use 
of gradients of the responses [74, 75]. The reliance on the 
Gaussian process also allows one to perform global sensitiv-
ity analysis together with the Bayesian calibration [29, 76, 
77]. Similarly, research on different uses of Gaussian process 
modeling have benefited the Bayesian calibration frame-
work. For example, research on sequential data acquisition 
with the goal to improve the model prediction accuracy and 
efficient allocation of resources (experimental vs. simulation 
data) was also explored [78–81] as well as often found sup-
port on sequential sampling for global optimization [82–84] 
and/or constrained optimization [85–88].

Methods and algorithms for numerical implementation of 
Bayesian methods (including Bayesian calibration and phys-
ics-informed learning) are as important as the mathematical 
and statistical formulations themselves. We recognize that 
literature in numerical methods for Bayesian statistics is very 
rich and a thorough review is outside the scope of this paper. 
Nevertheless, we would like to highlight two important 
classes of methods that can hugely impact the implementa-
tion of Bayesian calibration and physics-informed learning 
with focus on Markov Chain Monte Carlo (MCMC) meth-
ods. Firstly, we would like to mention the efforts in acceler-
ating MCMC [89]. Some of the interesting strategies include 
a specialization for models involving recursive solutions 

of nonlinear equations [90], an “embarrassingly parallel” 
implementation in which subsets of data are processed inde-
pendently [91], and a highly distributed pre-computing of 
the Markov chain [92]. Secondly, we would like to point 
out the growing importance of methods that can leverage 
gradient information, such as the Hamiltonian Monte Carlo 
algorithms [33, 93, 94] and Newton MCMC methods [95]. 
Advantages of this class of algorithms include reducing the 
burden associated with sampling from high-dimensional tar-
get distribution with strong correlations and tuning of pro-
posal distributions (burn-in runs). The efficiency of Hamil-
tonian Monte Carlo methods comes at the price of requiring 
gradient information. It is easy to see the potential impact 
of these methods when dealing with models with readily 
available gradients, such as neural networks and Gaussian 
process. Alternatively, one can argue that automatic differen-
tiation could help with the process [96], or even alternative 
approaches for approximate gradients [94].

Finally, calibration can be also performed using neu-
ral networks. As seen in [97, 98], deep neural networks 
can be used to solve differential equations with observed 
data (boundary and initial conditions) while simultane-
ously adjusting model parameters (which is the traditional 
interpretation of calibration). Recently, the development 
of hybrid models implementing physics-informed kernels 
within neural networks have also extended the capability 
to estimation of model-form uncertainty [99–101]. Physics-
informed neural networks is one of the focus areas of this 
paper, and it will be discussed in deeper detail in the next 
section.

3  Physics‑informed neural networks

Physics-informed neural networks have received increasing 
attention from researchers over the past few years. Although 
there is no consensus on nomenclature or formulation, we 
can identify two distinct and broad approaches. On one 
hand, there is work on solving differential equations. These 
approaches are mainly focused on replacing traditional 
numerical integration methods (such as finite difference 
and finite element methods or direct numerical simula-
tion) with building, training, and predicting with a neural 
network. Without going deep, we will include calibrating 
hyperparameters of the differential equations or selecting a 
subset of differential operators to reconstruct the differential 
equations in this category. On the other hand, there is work 
on building hybrid models that directly implement reduced 
order physics-informed model forms within neural networks. 
These approaches are mainly focused on improving predicta-
bility of reduced order models leveraging the structure of the 
governing differential equations and reducing the discrep-
ancy between predictions and observations with data-driven 
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kernels. In this case, neural network architectures go beyond 
the simple multilayer perceptron.

3.1  Brief overview

We will quickly review the formulations of the two 
approaches to physics-informed neural networks. As we 
will describe in the next section, literature on solving dif-
ferential equations with neural networks is extensive and 
dates back to the late 80’s to early 90’s. Nevertheless, recent 
literature differentiates itself by leveraging the advances on 
deep learning (and we refer the interested to [98, 102, 103]). 
It is no surprise that there exists a number of different for-
mulations and implementations. However, most of the time, 
solving differential equations with neural networks starts by 
compiling Eq. (1) together with initial and boundary condi-
tions such that the solution of the differential equation can 
be uniquely defined. Therefore, we write

where t = 0 defines the initial conditions; and �[.] is the 
differential operator that defines the boundary conditions 
together with �(b).

Next, we approximate �(�, t) with a neural network 
�̂�(�, t;�,�) , where � and � are the neural network hyperpa-
rameters. We can obtain �[�̂�;�] and �[�̂�] using the chain rule 
(and automatic differentiation for convenient computational 
implementation2). This way, the neural network hyperparam-
eter optimization is achieved by minimizing a mean squared 
error loss function that combines three components

where �0 , �b , and �c are the mean square error components 
associated with collocation points at the initial conditions, 
boundary condition, and at �̂�t −�[�̂�;�] , respectively.

(8)

𝜂t(�, t) = �[𝜂(�, t);�] ,

𝜂(�, t = 0) = 𝜂(0) , 𝜂(�(b), t) = 𝜂(b) ,

�[𝜂(�(b), t)] = �(b) ,

� ∈ 𝛺 ⊂ ℝ
n , and t ∈ [0, T] ,
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It is interesting to notice that the formulation is radically 
different to conventional use of neural networks as surrogate 
models (with pros and cons). At the core, with Eqs. 8 and 9, 
one is solving the partial differential equations (PDE). At 
the end of the training process, one obtains a neural network 
whose hyperparameters minimize the loss function at the 
collocation points, thus resulting in the solution of the PDE. 
So in essence, this formulation leads to the neural network 
“learning” the solution space of the PDE. Prediction across 
the domain (outside the collocation points) is as straightfor-
ward as in any forward pass commonly found in of neural 
networks. A clear advantage here is that there is no need 
for running the simulation codes that otherwise would per-
form the same task to obtain training, validation, and testing 
points. On the other hand, by construct, a change in geom-
etry, initial, and/or boundary conditions modifies Eq. (8) to 
the point that the training process needs to be repeated.

Alternatively, researchers have also explored different 
ways to build hybrid physics-informed neural network mod-
els. With that, even though these models are substantiated 
in rigorous foundations, it is very difficult to identify a com-
mon formulation throughout literature. On the other hand, 
there is a common theme in that hybrid models directly 
implement physics-informed kernels within deep neural 
networks. This is important as it implies that the compu-
tational cost of these physics-informed kernels need to be 
comparable to the linear algebra found in neural network 
architectures such as the traditional multilayer perceptron 
or convolutional neural networks. It also means that, tun-
ing of hyperparameters of these physics-informed kernels 
is possible, and backpropagation can to be used to accom-
plish that which implies that the adjoints have to be readily 
available (although automatic differentiation can help here). 
The interested reader is referred to [100, 101, 104–106] for 
examples of how hybrid models are built by implementing 
physics-informed kernels within neural networks models, 
crafting the specific architecture of neural networks, propos-
ing incorporation of physics in loss functions and constraints 
during hyperparameter optimization, using a combination of 
simulations and actual observations, inferring parameters 
and states in physics-based models, etc..

3.2  Summary of the past 30 years

We will develop this section of the paper in two parts. 
Firstly, we will provide few samples of papers published 
over the past 30 years on a decade basis. This will allow us 
to contextualize the gains in computer power and develop-
ment tools later on. Then, we will group the literature in 
terms of similarities in formulation and numerical methods. 
We will also provide key examples of research that integrate 
modern deep neural network concepts for solving problems 
in science and engineering.

2 For an accessible review of what automatic differentiation is and 
what it is not, the interested reader is referred to [96].
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Sample of papers published between 1989 and 2000 This 
first decade is characterized by intense discovery of what 
could be accomplished with neural networks in a theoretical 
context. Papers addressed both fundamental formulation as 
well as presented case study compatible with the computer 
power available at the time. Some of the papers published 
in this era include:

• 1989—Owens and Filkin [107] showed that training neu-
ral networks through backpropagation can be expressed 
as a problem of solving coupled ordinary differential 
equations (with hyperparameters as continuous function 
of time). Although paper does not focus on solving gen-
eral partial differential equations, it recognizes the simi-
larities between algorithms used in numerical integration 
(which one can say it is the core of purely physics-based 
approaches) and training of neural networks.

• 1990 and 1992—Lee and Kang [108] and Logovski 
[109] showed how to solve dy∕dt = f (y) , where f is a 
polynomial function of y, using Hopfield networks. 
Then, they extend the formulation for solving par-
tial differential equations of the form Fi(xl, uj, dmuk, 
higher-order derivatives) = 0 . Results are compared 
with analytical as well as finite difference solutions. 
Authors also openly recognized that, neural networks 
being highly parallelizable, one of the major advantages 
of neural networks over conventional numerical integra-
tion is the potential increasing speed of solving these 
problems.

• 1994—Takeuchi and Kosugi [110] were potentially the 
first ones to publish a neural network implementation 
based on the finite element method for a boundary value 
problem. They leverage the neural network as an inver-
sion technique [111] , where the unknown inputs of the 
network are updated to satisfy both the governing law 
and the boundary conditions. This way, their approach 
can reach the solution of the problem. Authors applied 
the approach to the electric field problem governed by 
Poisson’s equation. Interesting, they used the term “for-
ward problem” for the case in which they are interested 
in finding voltage and current distribution given conduc-
tivity distribution, current sources, and boundary condi-
tions. They used the term “inverse problem” for the case 
in which they are interested in finding conductivity dis-
tribution given current sources and boundary conditions 
(similar to the classical definition of “calibration”).

• 1995—Puffer et al. [112] demonstrated that, depending 
on the training pattern, solutions of partial differential 
equations can be approximated with cellular neural net-
works. Authors defined as a system of nonlinear proces-
sors arranged in one or more layers on a regular grid. 
This way, the solution of partial differential equation 
with cellular neural networks can use finite difference 

approximations. They illustrated the performance of their 
approach with the Burgers’ equation and the Korteweg-
de Vries equation.

• 1998—Furukawa and Yagawa [113] were focused on 
modeling inelastic behaviours of materials. They clearly 
recognized that a major drawback of the existing models 
is the presence of model errors, and that the problem 
would remain inevitably as far as a material model is 
written explicitly. Authors proposed an implicit visco-
plastic constitutive model using neural networks. To 
the best of our knowledge, this might be one of the first 
reported uses of neural networks in conjunction with 
physics-based model. The neural network (multilayer 
perceptrons) is used to provide a model that is difficult to 
be obtained from first principles. In a way, this is model-
form uncertainty estimation through neural networks.

• 1998—Ghaboussi and Sidarta [114] were also inter-
ested in modeling material behavior. In doing so, they 
proposed an nested adaptive neural networks so that 
they could handle the path dependency of the material 
behavior. Interestingly, in the light of discussions found 
in the deep neural network research today, the approach 
described by authors can be seen as a form of neural 
architecture search.

• 1998—Wang and Lin [115] proposed directly implement-
ing Runge-Kutta integration using neural networks for 
identification of unknown dynamical systems described 
by ordinary differential equations.

Sample of papers published between 2001 and 2010 As 
neural networks became known for reducing computational 
cost associated with solving differential equations, this dec-
ade is marked by benchmarking different neural network 
architectures, diversity of applications, and Bayesian uncer-
tainty quantification. Some of the papers published in this 
era include:

• 2001—Aarts and van der Veer [116] reinforced that 
differential equations and their boundary and/or initial 
conditions can be used to equate the problem of solving 
the differential equations with the optimization of neural 
networks hyperparameters. Authors presented results for 
an ordinary differential equation that models the damped 
free vibration of a one degree of freedom system and a 
partial differential equation that describes the one-dimen-
sional non-steady groundwater flow.

• 2003—Graepel [117] discussed an approach for obtain-
ing the solution of stochastic linear operator equations 
using a Bayesian Gaussian process framework. Similarly 
to what has been done for neural networks, the solution 
was obtained with a collocation method with noisy evalu-
ations of the target function. Authors proposed incorpo-
rating prior knowledge about the solution by manipulat-
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ing the covariance kernel of the Gaussian process model. 
They tackled the problem of inferring an ordinary differ-
ential equation description from observed trajectories of 
a dynamical system. As opposed to many approaches that 
explored neural networks, the Gaussian process offered 
the convenience of prediction uncertainty estimates.

• 2003—Alli et al. [118] discussed the advantages of the 
(potentially already established) solution of differential 
equations using neural networks. They highlighted that 
neural networks are differentiable and, therefore, the 
closed form easily used in any subsequent calculation; 
the solutions obtained by neural networks are robust; and 
finally, the formulation using neural networks tends to 
have less degrees-of-freedom (hyperparameters) when 
compared with traditional discretization methods (e.g., 
number of nodes in the finite element method), and there-
fore, are memory efficient. Authors presented results for 
an ordinary differential equation that models the damped 
free and forced vibration of a one degree of freedom sys-
tem as well as the longitudinal vibrations of rods. Their 
results showed close agreement with numerical solutions 
obtained using the Runge-Kutta method.

• 2005—Ramuhalli et al. [119] revisited the implemen-
tation of neural networks based on the finite element 
method. Authors openly acknowledge that while accu-
rate, finite element methods tend to be computationally 
expensive when modeling of complex geometries. Their 
approach directly embeds a finite element model in a 
neural network architecture, enabling fast and accurate 
solutions. The paper present results for the forward prob-
lem of computing the electric potential due to a shielded 
microstrip. The inner conductor is held at a constant 
potential and the material inside the shielding conductor 
has constant permittivity. In the inverse problem, authors 
search for material property values, given electric field 
and boundary conditions.

• 2009—Choi and Lee [120] were potentially the first ones 
who attempted comparing different approaches for solv-
ing differential equations with neural networks. They 
published this study as a short letter nearly 20 years after 
the first paper we found on this topic. Authors compared 
multilayer feedforward neural networks with radial basis 
function networks.

• 2010 — Filici [121] proposed a method for estimating 
the errors when neural networks are used to solve ordi-
nary differential equation is presented. This is a short 
and mathematically oriented note adapting Zadunaisky 
method for the error estimation in the solution of ordi-
nary differential equations.

Sample of papers published between 2011 and 2020 The 
past ten years will likely be remembered by the renaissance 
of neural networks (and deep learning now) as a tool for 

physics-based scientific modeling. The first few years were 
only the prelude with interesting developments in terms of 
comparative studies, automation, and uncertainty quantifica-
tion. In the second half of the decade, on the other hand, we 
can observe a dramatic growth in acceptance and develop-
ment in the field. Besides addressing fundamental issues, 
papers presented complex study cases highlighting the 
potential of physics-informed neural networks in real world 
applications. Another interesting new aspect is the dissemi-
nation of results through open source repositories with use 
cases, implementations, and data sets (more on that later). 
Some of the papers published in this era include:

• 2011—Kumar and Yadav [122] presented a survey and 
classification of different multilayer perceptron and radial 
basis function neural networks used for solving differ-
ential equations. Despite the fact that the first publica-
tions we gathered date back to late 80’s early 90’s, this is 
the first clearly devoted comprehensive literature review 
paper we could find. Authors discuss 90 references and 
developed their paper through 34 remarks, in which they 
present key points on using neural networks to solve 
differential equations, including comparisons between 
multilayer perceptron and radial basis function neural 
networks.

• 2013—McFall [123] reiterated that traditional numeri-
cal approaches for solving differential equations, such as 
finite difference, finite element, and boundary element 
methods, have problems with discretization of the prob-
lem domain and complications in solving nonlinear dif-
ferential equations. McFall also acknowledged that when 
using neural networks one will find repeatability issues 
due to the sensitivity of results on random starting weight 
and bias values (and potential “dependence of results 
on the skill of the human designer in choosing design 
parameters”). Therefore, McFall focused the paper to the 
development of a fully automated procedure for selecting 
a single neural network out of an ensemble (with diver-
sity in terms of architecture and initial weights). In our 
opinion, the approach described by the authors could be 
seen as a simplified form of neural architecture search, as 
users are given flexibility in terms of number of hidden 
neurons and resolution of the training grid.

• 2013—Barber and Wang [124] made the point that, due 
to high computational cost of numerical integration, 
Bayesian parameter estimation in coupled ordinary dif-
ferential equations is a challenging task. With that moti-
vation, they develop an approach for parameter estima-
tion based on gradient matching of a Gaussian process 
model (which are easy to obtain) and those specified by 
the ordinary differential equation. Authors showed that 
this approach for solving ordinary differential equations 
corresponds to a generative belief network. While the 



3812 F. A. C. Viana, A. K. Subramaniyan 

1 3

approach is still similar to numerical integration, it is also 
appropriate for uncertainty quantification (using Bayes-
ian variational methods, for example).

• 2015 and 2017—Yadav et al. [125] and Chakraverty and 
Mall [126] authored the first books, to the best of our 
knowledge on the topic of using neural network methods 
for solving differential equations. Interestingly, just as 
research on “physics-informed neural networks” is about 
to experience the strongest growth in number of publica-
tions and receptivity, two books in the subject are pub-
lished. Yadav et al. [125] devote the first half of the book 
to reviewing the fundamentals on both neural networks 
as well as numerical integration of differential equations. 
The second half is devoted to solving differential equa-
tions with neural networks and authors discuss the use 
of multilayer perceptrons, radial basis function neural 
networks, cellular neural networks, and finite element 
neural networks. Chakraverty and Mall [126] focused 
on ordinary differential equations. Besides preliminary 
background, authors provide in-depth discussion on dif-
ferent formulations for initial value and boundary value 
problems of first-order, higher-orders and system of ordi-
nary differential equations.

• 2018—Chen et al. [103] won the Best Paper Award at the 
prestigious Conference on Neural Information Process-
ing Systems with this paper. Authors demonstrated that 
deep neural networks can approximate dynamical sys-
tems that can be modeled by integrating ordinary differ-
ential equations. In their approach deep neural networks 
represent very fine discretization along the lines of a very 
fine Euler integration. This is particularly applicable to 
recurrent neural networks and residual networks. Inter-
estingly, the loss function operates on top of the ordinary 
differential equation solver. Therefore, training data is 
generated through adjoint methods (i.e., the popular auto-
matic differentiation in the deep learning literature).

• 2018—Raissi and Karniadakis [102] (2018): presented 
a contemporary formulation for the problem of solving 
differential equations using Gaussian process models. 
The discussion is enriched by a diverse set of numerical 
examples and available repository of source code (github.
com/maziarraissi/HPM).

• 2019—Raissi et al. [98] discussed their developments in 
terms of solving and discovering the form of differential 
equations using neural networks. Authors proposed using 
deep neural networks to handle the direct problem of 
solving differential equations. The formulation is such 
that neural networks are parametric trial solutions of the 
differential equation and the loss function accounts for 
errors with respect to initial/boundary conditions and 
collocation points. Authors also present a formulation for 
learning the coefficients of differential equations given 
observed data (i.e., calibration).

• 2020—Yucesan and Viana [100], Dourado and Viana 
[101], and Nascimento and Viana [104] introduced an 
implementation for integration of ordinary differen-
tial equations using recurrent neural networks. Their 
approach was used to model cumulative damage and 
directly implemented physics-informed kernels along-
side with data-driven kernels within the recurrent neural 
network cell. This way, the physics-informed kernels 
constrain the neural network outputs while the data-
driven kernels quantify model-form uncertainty. Authors 
demonstrated their approach with applications in wind 
turbine main bearing fatigue as well as corrosion-fatigue 
and fatigue crack growth of aircraft fuselage panels. 
Authors made available a Python package for hybrid 
physics-informed neural networks and application-spe-
cific implementations freely available at [127–129].

• 2020—Yucesan et al. [130] presented a framework for 
bias estimation and calibration of computer models 
using graph theory and neural networks. Their approach 
is hybrid and merges the original computer model with 
the neural network through a graph. This is applicable 
only when computational cost associated with computer 
model is comparable to linear algebra found in neural 
networks and gradients with respect to calibration param-
eters are readily available (even if it is through automatic 
differentiation).

• 2020—Peng et al. [131] presented a review on machine 
learning and multiscale modeling with applications in life 
sciences. They discussed the state-of-the art approaches 
to integrate physics-based knowledge in the form of gov-
erning equations, boundary conditions, or constraints to 
manage ill-posted problems. They also discuss interest-
ing open questions such as maximization of information 
gain, optimization efficiency, and multi-fidelity neural 
networks.

3.3  Few more words about physics‑informed neural 
network research

The problem of solving differential equations can also be 
framed in terms of the Gaussian process model. The idea 
was explored by Graepel [117] and Calderhead [132] in 
the 2000’s as a way to handle noisy observations for initial 
and boundary conditions. Early in the 2010’s, Dondelinger 
et al. [133] and Barber and Wang [124], used the Gaussian 
process to aid with the estimation of ordinary differential 
equations (which is a form of calibration), while Schober 
et al. [134] implemented Runge-Kutta integrators using the 
Gaussian process model. Recently, Raissi et al. [135, 136] 
have done extensive work on applying Gaussian process 
model to solve partial differential equations using collo-
cation methods. Their approach was illustrated using the 
Navier-Stokes, Schrödinger, Kuramoto-Sivashinsky, and 
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time dependent linear fractional equations. They made their 
code available at github.com/maziarraissi/HPM.

Besides using neural networks to solve partial and ordi-
nary differential equations, researchers have also found 
ways to connect the formulation found in the finite element 
method with neural networks. So far in this paper, we have 
mentioned the early work by Takeuchi and Kosugi [110] 
and Ramuhalli et al. [119]. Nevertheless, there are many 
other examples, including the recent work that is grounded 
in deep learning architectures. For example, Yao et al. [137] 
presented a formulation using convolutional neural networks 
and demonstrated their method with case studies in coupled 
mechanical-thermal analysis as well as composite materials 
with random micro-structures. Capuano and Rimoli [138] 
proposed using machine learning approximation algorithm 
on data extracted from individual elements, and that way, 
build a computationally efficient approximation to those ele-
ments. Interestingly, researchers have begun to explore how 
the finite element model formulation can help design neural 
networks for data-driven applications. For example, Pereira 
et al. [139] presented a finite element machine classifier in 
which the learning machine builds a manifold using train-
ing samples modeled as the center of a finite element basis.

Finally, an interesting recent development is the use of 
general deep learning approaches for physics-based neural 
networks. For example, Goswami et al. [140] used transfer 
learning as a way to improve generalization and reduce com-
putational cost associated with re-training the neural networks 
(which is, in fact, re-solving the differential equations com-
pletely). Chen et al. [141] used a Bézier layer between the 
generator and the discriminator of a generative adversarial 
networks to improve the quality of the synthesized airfoils 
(note that Bézier curves are commonly used in computer 

aided design of engineering systems and authors found a way 
to incorporate them in generative adversarial networks). Wei 
et al. [142] proposed using reinforcement learning as a way 
to solve nonlinear ordinary differential equations and partial 
differential equations. They discretized the solution over time 
such that marching through time is modeled as multiple tasks 
sharing the same governing equation. The current step initial-
izes the next and so forth. Authors illustrated their approach 
using Schrödinger, Navier-Stokes, Burgers’, Van der Pol, and 
Lorenz equations.

4  Applications

Bayesian calibration and physics-informed neural networks 
have found a broad spectrum of applications over the years. 
Besides many of the papers already mentioned, we illustrate 
in Table 2 few other publications to show the rich variety of 
applications.

Next, we will showcase two applications in which Bayesian 
calibration of computer models and hybrid physics-informed 
neural networks have proven to be very useful. First, we dis-
cuss a simple example with a known discrepancy to highlight 
the importance of choosing priors and the effect of being over-
confident and wrong. Then, we present how hybrid physics-
informed neural networks can be built to quantify model-form 
uncertainty in the prediction of corrosion-fatigue damage 
across a fleet of aircraft.

Table 2  Additional examples 
of applications (previous 
sections also illustrate many 
other interesting applications, 
not included here to avoid 
redundancy)

Field Area References

Bayesian calibration Physics-
informed neural 
networks

Physical Sciences & Engineering Aerospace/Space [143–146] [147–150]
Building [151, 152] –
Energy/Propulsion/Power [153–158] –
Geosciences [159–161] [162, 163]
Materials/Manufacturing [164–166] [167–169]

Life Sciences Agriculture [170, 171] –
Biology [172, 173] –
Environmental sciences [174–178] –

Health Sciences Decision making [179–181] –
Infectiology [182–185] –
Medicine [186–188] [189, 190]

Social Sciences & Humanities Archaeology [191] –
Social sciences [192, 193] –
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4.1  An illustration of Bayesian calibration 
of computer models with a deceptively simple 
model

Let us take a simple 1-dimensional example where the true 
system is represented by the equation below:

Let us posit that our expectation is for the system to behave 
in a quadratic fashion where the coefficient is unknown. 
Therefore, the “simulator” is defined as:

We will consider the following five scenarios: 

1. Confident and accurate prior: modeled with � ∼ U[1, 2] 
illustrating the case in which true value is in the center 
of the prior distribution and uncertainty about it is rela-
tively small. 65 latin hypercube sampled simulations and 
30 experiments will be used.

2. Low confidence prior: modeled with � ∼ U[0, 10] , show-
ing the case in which information about � is vague but 
true value is within the assumed bounds. The same num-
ber of simulations (65) and experiments (30) will be 
used.

3. Over confident and wrong prior (max lower than actual): 
modeled with � ∼ U[0, 1.3] , depicting the case in which 
true value is outside assumed tight bounds. The number 
of simulations (65) and experiments (30) will be kept 
the same.

4. Over confident and wrong prior (min higher than actual): 
modeled with � ∼ U[1.6, 3] , also showing a case in 
which true value is outside assumed tight bounds. The 
number of simulations (65) and experiments (30) will 
be kept the same.

5. Sparse data: modeled with the same bounds as case 1, 
� ∼ U[1, 2] , but with fewer similuations (10 points) and 
experients (6 points).

Figure 4 shows a comparison between experimental 30 
“experimental” data points created using Eq. (10) and a 65 
simulation points created using Latin hypercube sampling 
[194] and Eq. (11). In the first four cases, the experimen-
tal data is the same and the different assumptions about 
the calibration parameter will considerably change the 
spread of simulation points. Figure 4 clearly shows the 
best matching between experimental and simulation data, 
although scatter in predictions is significant. Both the low 
confidence priors and the overconfident and wrong priors 
magnify the scatter and allow the model to perceive the 
model-form uncertainty. Next, we will show the impact of 

(10)Ytrue(x) = 1.5x2 + 0.5x .

(11)�(x) = �x2 .

these priors on both the posterior of the calibration param-
eter and the delta model in each of these cases.

Figure 5 shows the posterior of the calibration parameter 
for all five cases. The “confident and accurate prior,” the 
“low confidence prior,” and the “accurate prior, sparse data” 
cases are all centered on the true value of � . Although, the 
“confident and accurate prior” case has the advantage of a 
tighter posterior distribution. Interestingly, both “confident 
and wrong prior” cases had posterior distributions skewed 
towards the bound that is closest to the true value of � . This 
results shows how Bayesian calibration can inform engineers 
and scientists about potential flaws in their assumptions 
about the model, as they could look at the posterior distri-
bution and suspect that the intervals need to be adjusted.

Fig. 4  Experiment and simulation DOE for various cases of prior 
information

Fig. 5  Posterior of the calibration parameter for various cases of prior 
information
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Figure 6 shows the actual (experimental data) along with 
the predictions of the simulator and discrepancy estimates. 
While Fig. 6a shows the calibrated and adjusted model, 
Figs. 6b and 6c illustrate the two components (i.e., cali-
brated simulator and discrepancy model). The consequence 
of being less confident with priors is that the resulting pre-
dictions will have higher uncertainty levels. In addition, the 
importance of capturing the true value in the prior distribu-
tions is clear. The example illustrates that even in seemingly 
simple problems, being overconfident and wrong can have 
serious implications on both the accurate estimation of the 
calibration parameters and the characterization of the dis-
crepancy. The power of the Bayesian calibration technique 
could also be its bane if used incorrectly. If the wrong priors 
are chosen, then the discrepancy function cannot be trusted 
to be a true representation of the model discrepancy. Careful 
evaluation of the uncertainty prediction is required to under-
stand the true nature of model discrepancy. Bayesian analy-
sis naturally allows for this iterative, scientific approach.

4.2  Application of hybrid physics‑informed neural 
networks in corrosion‑fatigue

We illustrate the application of hybrid physics-informed 
neural networks with the estimation of model-form uncer-
tainty in cumulative damage models (see [100, 101, 104] 
for further details). For this specialized application, there is 
huge imbalance in the available data. As shown in Fig. 7a, 
the inputs are observed throughout very long sequences 
(thousands of time steps) while output is observed only at 
few specific time steps (or perhaps at only one final time 
step). Under such circumstances, conventional recurrent 
neural networks [195], such as long-short term memory and 
gated recurrent unit [196, 197], might not have a chance 
to learn the expected input-output behavior. On the other 
hand, as we will show, physics kernels can be designed 
to filter out unfeasible/unexpected solutions during train-
ing. When understanding of the physics is not perfect (as 
in most cases), data-driven kernels can be injected in the 

Fig. 6  Predictions for various cases of prior information. Crosses are the experimental data and shaded area represents the ±2� uncertainty range
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graph representation of the model to compensate for model 
form uncertainty. That way, Fig. 7b illustrates the possible 
predictions out of these two classes of models.

Consider a fleet of 150 aircraft flying different route 
structures at a rate of four flights per day. We are interested 
in monitoring fatigue damage on a particular control point 
located on one wing panel. In order to manage maintenance 
and operation costs, inspection of these control points is 
performed roughly every five years (rotating the portion of 
the fleet that is grounded for inspection). Suppose that upon 
inspection of the first 15 aircraft, it was found that the failure 
mechanism is more complex than anticipated. While purely 
mechanical fatigue was assumed to dominate fatigue crack 
growth, inspection revealed that the fleet was also subjected 
to corrosion-fatigue – in addition to the mechanical fatigue 
induced by climb, cruise, and descend phases of the flight. 
Furthermore, engineering analysis indicated that corrosion-
fatigue was induced due to takeoff and landings at airports 
near coastal areas (salinity in the air acting as a corrosive 
agent). For the sake of this example, no further knowledge 
regarding corrosion-fatigue modeling is available. We 
show how to build hybrid physics-informed neural network 

models for corrosion-fatigue based on inputs such as time 
histories of cyclic mechanical stresses and corrosivity index 
(e.g., saline concentration in the air).

Without going too deep into cumulative damage modeling 
[198, 199], we model damage in the form of crack length, a, 
through the following ordinary differential equation

where R = Smin∕Smax is the stress ratio between the mini-
mum and maximum stress levels, C0 and m depend on the 
environmental conditions, � depends on the material and 
loading conditions, �K = F�S

√
�a is the stress intensity 

range, F is a dimensionless function of geometry, and f(.) is 
the contribution due to corrosion-fatigue.

If one knew the functional form of f(.), integrating Eq. 12 
should be straightforward, given that input conditions are 
available throughout time. Unfortunately, that is not the case 
in this example. To mitigate this shortcoming, the authors 
use a multilayer perceptron (MLP) to model the contribution 

(12)
da

dt
=

C0

(1 − R(t))m(1−�)
(�K(t))m

+ f (�S(t),R(t), c(t)),

Fig. 7  Typical data-constrained 
application suitable for hybrid 
physics-informed neural 
networks. (a) Data available for 
training. (b) Possible predic-
tions and actual time history of 
response
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due to corrosion-fatigue, one can simply use the Euler’s for-
ward method to obtain

where � and � are the multilayer perceptron 
hyperparameters.

(13)

at = at−1 + �at ,

�at = �aF,t + �aCF,t ,

�aF,t =
C0

(1 − Rt)
m(1−�)

(�Kt)
m ,

�Kt = F�St
√
�at−1 , and

�aCF,t = MLP
�
�St,Rt, ct, at−1;�,�

�
,

Assuming that �St , Rt , ct are available throughout the 
cycles, one can use Eq. 13 to aid in the design of a recur-
rent neural network cell that performs the desired numeri-
cal integration. Figure 8a shows the recurrent neural net-
work cell used to model corrosion-fatigue. At the time 
t, fatigue damage increment, �at , is quantified through 
a physics-informed layers while a multilayer perceptron 
implements the corrosion-fatigue damage accumulation 
increment, �aCF,t.

The multilayer perceptron takes �St , Rt , ct , at−1 as inputs 
and returns �aCF , which is never observed (i.e., the output 
is a hidden variable). Besides the inputs, the training of the 
physics-informed neural network uses a, which is available 
after inspection of the aircraft. Here, the authors use the 
mean absolute percentage error as loss function, �:

where n is the number of observations, ai are fatigue crack 
length observations, and âi are the predicted fatigue crack 
length using the physics-informed neural network. Table 3 
details the multilayer perceptron architecture.

For the sake of training the hybrid physics-informed 
neural network, the authors use information available for 
a subfleet of 15 aircraft. Besides, observed crack length 
at the end of the  5th year of operation, the entire history 
of cyclic loads and corrosivity index was used. At a rate 
of four flights a day, each aircraft accumulated 7,300 
flights and each flight has many load cycles. The imbal-
ance between number of observed inputs and outputs make 
it clear the need for physics-informed layers. Figure 8b 
shows the predicted crack length at the end of the 5th 
year of operation for the entire fleet of 150 aircraft (after 
training the hybrid physics-informed neural networks). As 
expected, the predictions out of purely mechanical fatigue 
grossly underestimates the actual crack length (resulting 
from corrosion-fatigue damage) On the other hand, the 
physics-informed neural network is able to adjust the 
model and reduce significantly the gap between predicted 
and actual crack length. These predictions can be used to 
prioritize which aircraft should be inspected next (the ones 
with the highest predicted crack lengths).

(14)𝛬 =
1

n

n∑

i=1

||||
âi − ai

ai

||||
,

Fig. 8  Hybrid physics-informed neural network and corrosion-fatigue 
cumulative damage modeling. (a)  Physics-informed neural network 
cell. (b) Prediction versus actual crack length for the fleet of 150 air-
craft at the end of 5th year.

Table 3  Multilayer perceptron 
architecture for corrosion 
fatigue damage increment, 
�a

CF
 . Optimization of 

hyperparameters was carried 
over 25 epochs using the 
RMSProp optimizer [200]

Layer #neurons/
activation 
function

#1 20/elu
#2 10/sigmoid
#3 5/sigmoid
#4 1/elu
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5  Software tools

In this section we will provide few examples of software 
packages that have been developed over the years and can 
help practitioners and researchers with their work. By no 
means we claim this to be a comprehensive list, although 
we tried covering many of functionalities needed in Bayes-
ian calibration and physics-informed neural networks.

5.1  Foundational probabilistic and Bayesian 
packages

We start by providing a list of general purpose projects 
that allow for implementation of Bayesian and probabil-
istic algorithms. Since these are mostly general purpose, 
they tend to require a level of expertise when applied to 
custom use cases. In summary, we could list:

• BUGS: (Bayesian inference Using Gibbs Sampling) is 
one of the most widely used MCMC packages (www.
openb ugs.net) [201]. Efficient implementations of 
Gibbs, Metropolis-Hastings, and slice sampling algo-
rithms are provided in BUGS. BUGS performs Bayes-
ian inference based on the concept of graphical models, 
i.e., the users are required to convert their computer 
model to a graphical model using the BUGS language. 
However, if the computer model is complicated and 
involves operations such as multi-level looping, the 
computational cost of updating the corresponding 
graphical model in BUGS may become prohibitive.

• JAGS: (Just Another Gibbs Sampler) aims to provide 
the same functionality as the BUGS package with more 
extensibility (mcmc-jags.sourceforge.net) [202]. JAGS 
is written in C++ and is designed to work with R. Sim-
ilarly to BUGS, JAGS also uses a built-in expert system 
for the selection of MCMC algorithm. The interfaces of 
JAGS to some other programming languages are also 
available, for example, MATJAGS (interface to MAT-
LAB) and rjags (interface to R). JAGS implements a 
vectorized version of BUGS and in general JAGS is 
faster than OpenBUGS.

• TensorFlow Probability: is a TensorFlow library 
for probabilistic reasoning and statistical analysis 
(www.tenso rflow .org/proba bilit y) [203]. TensorFlow 
Probability provides one of the most comprehensive 
collection of probability distributions, compassable 
probabilistic layers, variational inference, multiple 
MCMC samplers and optimizers such as Nelder-Mead, 
Broyden-Fletcher-Goldfarb-Shanno, and Stochastic 
gradient Langevin dynamics. It is built on top of Ten-
sorflow and thus provides the scalability that is inherent 

to Tensorflow as well as the monitoring features built 
into Tensorflow.

• Pyro: (Bayesian computation in PyTorch) is a universal 
probabilistic programming language (PPL) written in 
Python and supported by PyTorch on the backend (pyro.
ai) [204]. Pyro enables flexible and expressive deep 
probabilistic modeling, unifying the best of modern deep 
learning and Bayesian modeling. Pyro can represent any 
computable probability distribution and has composable 
abstractions.

• BLiTZ is a simple and extensible library to create Bayes-
ian neural network layers (github.com/piEsposito/blitz-
bayesian-deep-learning [205]. It can be used along with 
other PyTorch libraries to build physics-informed neural 
networks as well as quantify uncertainty in deep neural 
networks efficiently.

• PyApprox: provides flexible and efficient tools for high-
dimensional approximation and quantification of uncer-
tainty (github.com/sandialabs/pyapprox). It implements 
methods addressing various issues surrounding high-
dimensional parameter spaces and limited evaluations 
of expensive simulation models with the goal of facili-
tating simulation-aided knowledge discovery, prediction 
and design.

There are many other MCMC codes which implement spe-
cific algorithms. For example, the “Stan” software (written 
in C++, interfaces to Python and R are available) imple-
ments the No-U-Turn sampler, a variant of Hamiltonian 
Monte Carlo (mc-stan.org). The “MCMC toolbox for Mat-
lab” implements the DRAM (Delayed Rejection Adaptive 
Metropolis) algorithm (implementation found at mjlaine.
github.io/mcmcstat). The MATLAB Statistics and Machine 
Learning Toolbox implements the basic Metropolis-Hasting 
algorithm and the slice sampling algorithm (www.mathw 
orks.com/produ cts/stati stics ). Except for Stan, most of these 
MCMC codes require the user to supply the likelihood func-
tion, which allows the user to use their original computer 
model without the conversion to a graphical model.

5.2  Bayesian calibration modeling packages

Next, we list few packages that have implemented, inte-
grated, or adapted, in one way or another, Bayesian cali-
bration frameworks (specially the one by Kennedy and 
O’Hagan):

• GPMSA: It is the simulation analysis and uncertainty 
quantification package written in Matlab from Los Ala-
mos National Lab (github.com/lanl/gpmsa) [206]. It is 
the first known implementation of Kennedy and O’Hagan 
paper for general purpose use. Several industries includ-
ing GE and Pratt & Whitney adopted the GPMSA code-

http://www.openbugs.net
http://www.openbugs.net
http://www.tensorflow.org/probability
http://www.mathworks.com/products/statistics
http://www.mathworks.com/products/statistics
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base and expanded it for industrial applications. GE has 
expanded GPMSA significantly and demonstrated large 
scale Bayesian calibration using GE Bayesian Hybrid 
Modeling package [207].

• SEPIA: (Simulation-Enabled Prediction, Inference, and 
Analysis) physics-informed statistical learning package 
from Los Alamos National Lab under active development 
(github.com/lanl/SEPIA). This is the Python version of 
GPMSA.

• QUESO: (Quantification of Uncertainty for Estimation, 
Simulation and Optimization) is a collection of statisti-
cal algorithms and programming constructs supporting 
research into the quantification of uncertainty of models 
and their predictions developed by Center for Predictive 
Engineering and Computational Sciences at the Univer-
sity of Texas - Austin (github.com/libqueso/queso) [208]. 
The QUESO library provides capabilities for Bayesian 
calibration of computer models style.

• DAKOTA: delivers both state-of-the-art research and 
robust, usable software for optimization and UQ from 
Sandia National Laboratory (dakota.sandia.gov) [209]. 
Dakota enables enable design exploration, model cali-
bration, risk analysis, and quantification of margins and 
uncertainty with computational models. DAKOTA pro-
vides capabilities for Bayesian calibration of computer 
models style.

5.3  Machine learning and neural network packages

Finally, we provide a list of packages that can be used for 
research and development of machine learning and neural 
network applications (including physics-informed neural 
networks):

• TensorFlow: Google released TensorFlow as an open 
source project in 2015 (www.tenso rflow .org) [210]. Ten-
sorFlow is used for research, development and produc-
tion use cases for all aspects of the machine learning 
pipeline from data ingestion, preprocessing, model build-
ing, probabilistic analysis (with TensorFlow Probability) 
and production deployment to multiple environments 
(CPUs, GPUs, TPUs, mobile and other edge devices). 
Although TensorFlow is powerful and is widely used, the 
learning curve for beginners can be steep (TensorFlow 
2.0 has improved the usability significantly along with 
Keras).

• Keras is a Python deep learning library built on top of 
TensorFlow to provide ease-of-use with composability 
for the end user (keras.io) [211, 212]. Most early users 
of TensorFlow start with Keras. However, the simplic-
ity comes with reduced flexibility. Advanced users tend 
to use TensorFlow directly for maximum flexibility and 
control.

• PyTorch: Facebook AI Research team open sourced 
PyTorch in 2017 as a Python interface to Torch (C++ 
backend) (pytorch.org) [213, 214]. PyTorch is used by 
researchers and in production at several companies like 
Facebook, Salesforce, Udacity, etc. PyTorch’s popularity 
has grown steadily driven by AI researchers publishing 
most of the modern algorithms in PyTorch. The simpler 
notation and expressability of PyTorch is cited as the 
main reason for its popularity with research and produc-
tion teams alike. Skorch (https ://githu b.com/skorc h-dev/
skorc h) is a scikit-learn like interface to PyTorch to allow 
PyTorch functionality to be used with any scikit-learn 
modules. This enables the most popular general purpose 
machine learning framework to work seamlessly with 
PyTorch models.

• Apache MxNet: Apache MxNet is a deep learning 
framework born as a collective across multiple com-
panies and research institutions designed for flexibility 
and efficiency. It is under active development and offers 
several unique scalability (e.g. 3X better BERT perfor-
mance) and flexibility over other deep learning frame-
works (mxnet.apache.org) [215]. It is the most extensible 
deep learning framework with bindings to 8 program-
ming languages (Python, Scala, Julia, Clojure, Java, 
C++, R and Perl). It is used in production by several 
companies like Amazon, Wolfram, Algorithmia, etc.

One interesting observation to make is how the different 
machine learning frameworks grew in popularity over time. 
Figure 9 shows a comparison of the popularity, as defined 
by the relative number of search using Google, amongst four 
very common deep learning frameworks since August 2015. 
Data was obtained using Google Trends3. A value of 100 
represents the most searches in the period of time and a 
score of 0 means there was not enough data for this term. 
While the combination of TensorFlow and Keras domi-
nates the searches, the steady growth of PyTorch is equally 
impressive.

6  Summary, future research directions, 
and call for action

In this paper, we surveyed the advancements in important 
machine learning fields as applied to computer modeling 
in science and engineering. Firstly, we reviewed the contri-
butions coming from the Bayesian calibration of computer 
models literature. We provided a brief overview so that the 
reader familiarizes with the nomenclature as well as the for-
mulation introduced by Kennedy and O’Hagan [12]. Then, 

3 https ://trend s.googl e.com/.

http://www.tensorflow.org
https://github.com/skorch-dev/skorch
https://github.com/skorch-dev/skorch
https://trends.google.com/.
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we summarized the publications over the past 20 years, situ-
ating the contributions in a historical perspective. We closed 
the discussion on Bayesian calibration of computer models 
by enumerating the important aspects such as the leverage 
offered by the Gaussian process modeling, sampling meth-
ods, and intersection with physics-informed neural networks.

Secondly, we reviewed the contributions coming from the 
literature on physics-informed neural networks. Similar to 
treatment oh Bayesian calibration, we provided a brief over-
view for the general audience and highlighted the fact that 
there are at least two distinct research areas. Firstly, there 
is research on the use of neural networks for integration 
of partial differential equations (as a collocation method). 
Secondly, there is research on hybrid models that combines 
physics-based and data-driven kernels within neural network 
architectures. Then, we summarized the publications over 
the past 30 years, illustrating the rich literature in this area. 
We closed the discussion on physics-informed neural net-
works by highlight the key aspects such similarities with 
framework for solving partial differential equations with 
Gaussian process models, specialized numerical integration 
methods implemented through neural networks, and exten-
sion of deep learning concepts (such as generative adversar-
ial networks, transfer learning, and reinforcement learning) 
to engineering and physics-based modeling.

Additionally, throughout the paper, we have highlighted 
many applications of both Bayesian calibration of computer 
models and physics-informed neural networks in science and 
engineering. We devoted a section to tabulate a few exam-
ples of papers related to different applications in science and 
engineering. We then use an analytical example to illustrate 

interesting features of the Bayesian calibration of computer 
models framework (such as coverage of data and choice of 
priors). Finally, we also detailed the application of hybrid 
physics-informed neural networks in corrosion-fatigue 
through recurrent neural networks.

The goal of the paper was not to present an exhaustive 
review of the vast body of Bayesian and physics-informed 
learning work that exists in the literature, but rather to pro-
vide a survey of the history of research in Bayesian cali-
bration and physics-informed neural networks as applied in 
science and engineering. We opted to concentrate in this two 
research areas as they have tremendous immediate impact 
in engineering and science. Through our literature review, it 
is great to see the vast literature focused on both theoretical 
and foundational aspects as well as applications and “tricks” 
of the trade. We believe the rich literature and related efforts 
in freely available open source software will continue to 
broaden the research impact of Bayesian calibration and 
physics-informed learning while fostering acceptance by an 
even larger community of practitioners.

With regards to future research directions, we strongly 
believe that the possibilities are endless. While it is 
extremely hard to summarize few topics, we believe that 
from a fundamental research perspective, the research com-
munity would greatly benefit by considering the following 
topics:

• Bayesian calibration of computer models:

– Elicitation of prior information: there is no shortage 
of work on methods for elicitation [216–218]. Some 

Fig. 9  Comparison of “popularity” measured by search terms. Data obtained from Google Trends on 23-Aug-2020. Relative interest is normal-
ized with respect to the peak of popularity. Search limited to the past 5 years
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key questions are: How does this methods translate 
to the general problem of calibration of computer 
models? How can one leverage historical informa-
tion on similar engineering systems for prior elicita-
tion? Can physics-based models guide prior elicita-
tion?

– Limitations with the traditional Gaussian process 
model: an intrinsic problem with many of the imple-
mented Bayesian calibration frameworks is the reli-
ance on traditional Gaussian process model, as it 
hardly scales with number of points and therefore 
dimensions. An interesting research direction is how 
to scale up Gaussian process based calibration with 
alternative approaches such as sparse representations 
[219–221] and deep Gaussian process [222, 223].

– Beyond the Gaussian process: as pointed out in this 
paper, there is already research on calibration-related 
work involving neural networks [99–101]. It would 
be interesting to see how that research will unfold 
into full-blown uncertainty quantification.

• Physics-informed neural networks:

– Uncertainty quantification: regardless of whether 
the framework is used for solving differential equa-
tions or building hybrid models, it is important to 
extend the formulations to uncertainty quantifica-
tion in the broader sense. This includes uncertainty 
due to observations (of both inputs and outputs), 
incomplete or missing data, number of data points, 
algorithm convergence, extrapolation of predictions, 
etc. Literature has shown the equivalence between 
Gaussian process and shallow but extremely large 
neural networks (sometimes called infinite networks 
[224–226]). This feature would lead to interesting 
results in physics-informed neural networks as it 
could facilitate some of the work needed for uncer-
tainty quantification.

– Robustness of framework: similarly to purely data-
driven applications of neural networks, physics-
informed neural networks face inherent challenges 
such as conditioning of algorithm used in hyper-
parameter optimization (method, learning rate, 
update of gradients and momentum, etc.), architec-
ture search (how many layers, how many neurons 
per layer, which activation functions to chose), and 
others. Although often overlooked, these issues can 
hamper broad adoption of physics-informed neural 
networks outside academia (as it implies in need 
of technical expertise beyond domain knowledge). 
Interesting questions include how neural architec-
ture search [227, 228] could be extended to physics-
informed learning? Why physics-informed neural 

networks fail to train and is there anything we can 
do about it [229]?

• High performance computing in the cloud: Probabil-
istic computing is naturally suited for massively parallel 
loosely coupled distributed computing. Sampling and 
probabilistic inference can be executed in embarrass-
ingly parallel architectures seamlessly. Even sequen-
tial algorithms like Markov Chain Monte Carlo can be 
parallelized if a large-enough compute environment is 
made available [230–232]. Cloud computing with elastic 
infrastructure that can expand and contract on-demand is 
hence ideally suited for probabilistic analysis. It would 
be interesting to see how researchers and practition-
ers will leverage computing capability to dramatically 
scale existing methods, in addition to propose innovative 
approaches inherently designed for cloud computing.

We would like to point out the perfect time we live in for 
research and production use of Bayesian calibration and 
physics-informed learning. As opposed to early work, hard-
ware and data available today allow for computation at a 
scale hard to imagine even 10 ago [233, 234]. Moreover, 
even if advances in processing units (from central process-
ing units, to graphical processing units, to tensor processing 
units) are said to not observe Moore’s law, the affordability 
is likely to improve and with that the democratization of 
computing. As we pointed out in the software section of this 
paper, there is also an interesting and evolving ecosystem of 
Bayesian and machine learning frameworks that have and 
will help practitioners to focus on incremental development 
rather than major software implementations. Last but not 
least, we have also been observing an unprecedented pace 
of algorithm development (often made publicly available as 
open source software) including backpropagation, automatic 
differentiation, and several variations of the stochastic gradi-
ent descent algorithm.

The time for embracing probabilistic computing and 
Bayesian analysis in particular is now. The ability to 
quantify uncertainty in models will improve the acceptance 
of advanced machine learning approaches by the general 
population. We believe that taking full advantage of the per-
fect storm created by the exponential increase in interest 
for machine learning with the availability of inexpensive 
massively parallel computing will help leapfrog all areas of 
scientific endeavor. Shall we start by rethinking education? 
We sure have seen tremendous growth of graduate programs 
in Data Science and Analytics. Why not extend probability 
theory, Bayesian methods, and machine learning beyond 
graduate education? We believe that these topics should be 
incorporated in the undergraduate curriculum of most (if 
not all) science and engineering degrees today to become 
mainstream techniques of tomorrow!
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Other examples of how machine learning 
helps modeling in science and engineering

Statistical learning and machine learning methods have 
been widely used to aid modeling when simulation or 
experimental data points are expensive to obtain. Without 
elongating the discussion, here we will mention some of 
the techniques that are highly popular amongst researchers 
and practitioners:

Surrogate modeling: the set of methodologies for 
generating a surrogate model (a.k.a metamodel) used to 
replace the expensive simulation code or experimentation. 
In surrogate modeling, the goal is building a model that 
approximates of the response of interest based on a limited 
number observations. It is assumed that no knowledge of 
the functional form or governing equations is available; 
instead, the quantity of interest is observed at different 
combination of input variables (observations can include 
repeats). Therefore, the modeling effort is usually split 
into:

• Collecting data points: given that no statistical assump-
tions are generally made about the input/output rela-
tionship, it is desirable to cover most of the input 
space with the initial sample set. This way, popular 
approaches include Latin hypercube sampling [194], 
orthogonal arrays [235] and Hammersley designs 
[236].

• Fitting a surrogate model: the form of the model greatly 
varies depending on the statistical modeling (e.g., noisy 
or exact observations), basis functions (e.g., monomi-
als and Gaussian kernels), and loss function (e.g., mean 
square error, average absolute error, or negative log-like-
lihood). Popular surrogate modeling techniques include, 
but are not limited to, polynomial response surface [237, 
238], radial basis neural networks [239, 240], kriging 
[241, 242], support vector regression [243, 244], and 
ensemble of surrogates [245] among others.

• Refining the surrogate model: even in its seminal work, 
Sacks et al. [246], recognized the importance of place-
ment of successive points for surrogate model accuracy. 
With the growth of computer throughput, the cost of 
fitting the surrogate models and optimizing the point 
placement became affordable. Therefore, it made sense 
to study sequential sampling and Bayesian optimization 
[35, 83, 85, 247] as a way to improve model accuracy 
under limited data.

The interested reader is referred to the following reviews 
[248–253] for further discussions about the topic.

Projection-based model reduction methods: set of 
methodologies for creating surrogate models of simulators 

that generate field quantities (e.g., pressure, temperature, 
strain). In these approaches, the simulators are run at dif-
ferent input conditions decomposition, which generates 
samples of the large-dimensional output space representa-
tion in the matrix form. Once this matrix is brought to a 
low-dimensional representation in which surrogate models 
are built. Therefore, the modeling effort is usually split 
into:

• Matrix decomposition and basis reduction: perhaps the 
most commonly used approach is the principal compo-
nent analysis [254–256], which essentially finds a linear 
transformation on latent space sorted by contribution to 
data variance (reduced basis method has been used as 
well [257, 258]).

• Enforcing physics: the decomposition step usually leads 
to an optimization problem. Therefore, physics-based 
constraints can be used to improve the representation 
[259, 260].

• Surrogate modeling: see previous discussion.

The interested reader is referred to the following reviews 
[73, 261–264] for further discussions about the topic.
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