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A B S T R A C T

Lightweight design of vehicle structures parameters under crashworthiness is hard to accomplish

because of the complexity of simulations required in crash analysis. To reduce the computation demand,

surrogates (metamodels) are often used in place of the actual simulation models in design optimization

to fit the mathematical relationship between design variables and responses. Each optimization cycle

consists of analyzing a number of designs, fitting surrogates for the responses, performing optimization

based on the surrogates for a candidate optimum, and finally analyzing that candidate. Even so,

optimization using crash analysis codes is often allowed to run only for very few cycles. While traditional

surrogate is unbiased which means prediction values at half region is lower than actual values, predicted

candidate optimum usually is not feasible after validating by crash simulation. This paper explores the

use of conservative surrogates for safe estimations of crashworthiness responses (e.g., intrusion and peak

acceleration). We use safety margins to conservatively compensate for fitting errors associated with

surrogates. Conservative surrogates minimize the risks associated with underestimation of the

responses, which helps push optimization toward the feasible region of the design. We also propose an

approach for sequential relaxation of the safety margins allowing for further weight minimization. The

approach was tested on the lightweight design of a vehicle subjected to the full-overlap frontal crash. We

compare this approach with the traditional use of unbiased surrogates (that is, without adding any safety

margin). We find that conservative surrogates successfully drive optimization toward the feasible region

of a design space, while that is not always the case with unbiased surrogates.
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Contents lists available at SciVerse ScienceDirect

Computers in Industry

jo ur n al ho m epag e: ww w.els evier . c om / lo cat e/co mp in d
1. Introduction

Design optimization of vehicle structures under crashworthi-
ness is a very computer intensive task. Because of that, we often
use surrogate models, also called as approximations or metamo-
dels in place of actual simulation models [1]. The popular
surrogates including polynomial response surface, kriging neural
network, radial basis function, support vector regression, etc. has
been widely used in engineering application to alleviate the
computation burden and conduct design space exploration and
optimization [2–5]. The fitting capability of surrogate is one of
research topic and many publications indicate no surrogate can
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always be better than others in different samples and problems [6–
8]. Besides computational cost, the literature has used surrogate
models to build crashworthiness response for practical design
optimization and has also pointed difficulties associated crash-
worthiness responses such as noise, nonlinearities, and limited
number of samples [9–15]. Youn et al. [9] used polynomial
response to fit side impact response and indicated that the
optimum highly depended on surrogate accuracy. Same conclu-
sions can also be reached that optimum solution depends on the
selection of surrogate and sample points etc. Altogether, the
consequence is that optimization is conducted for very few cycles
at the risk of violating constraints [11,15].

The present work focuses on the weight reduction of vehicle
front end structures subject to frontal crash. The design has to
satisfy constraints with respect to the peak acceleration of auto
body and the toe-board intrusion for occupant safety [16,17]. The
front end structures have to balance compliance to reduce the
acceleration level and stiffness to minimize the intrusion of
passenger compartment. These responses are obtained via

http://dx.doi.org/10.1016/j.compind.2012.11.004
mailto:pzhu@sjtu.edu.cn
mailto:panfeng@hengstar.com
mailto:weichen@northwestern.edu
mailto:fchegury@ufl.edu
http://www.sciencedirect.com/science/journal/01663615
http://dx.doi.org/10.1016/j.compind.2012.11.004


Fig. 1. Finite element model of vehicle under full-overlap frontal crash. (a) Before crash; (b) after crash and (c) responses in frontal crash.

Fig. 2. Time histories of crashworthiness responses including acceleration and toe-

board intrusion.
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expensive finite element-based simulations. A single detailed
crash computation on 8 CPUs requires about 3–4 h on a current
computer platform (3.00 GHz Intel Core 2 Duo processors on a
Linux cluster). In our model, the objective function, i.e. the mass, is
relatively cheap to evaluate (geometry of mechanical components
is simple enough) and constraints are expensive (so that we can
only afford few simulations). We approximate the constraints with
surrogates to alleviate the costs. However, we are aware that after
running the optimization the solution might turn out to be
infeasible due to surrogate errors. We propose pushing optimiza-
tion toward the feasible domain by compensating surrogate errors
with safety margins.

Viana et al. [18] have proposed an approach for estimating the
safety margins using cross validation. Cross validation errors are
used to estimate the cumulative density function of the prediction
errors. That in turn is used for designing the safety margin. Here,
we use the same scheme for estimating the safety margins. We also
propose a strategy for sequentially updating the conservativeness
level throughout the optimization task by monitoring the current
best feasible sample. This will hopefully allow further weight
savings, moving the solution close to the limit state.

The remainder of the paper is organized as follows. Section 2
describes the finite element modeling and formulation of the
optimization problem. Section 3 briefly reviews the concept of
conservative surrogates and describes the proposed updating
strategy for the safety margins. Section 4 presents the results and
discussions of our numerical experiment. Finally, the concluding
remarks are presented in Section 5.

2. Lightweight design of vehicle structures under
crashworthiness

2.1. Crashworthiness analysis using finite element modeling

A full-scale finite element model of a vehicle is used in this
paper, which can be downloaded from the National Crash Analysis
Center (http://www.ncac.gwu.edu/vml/models.html, open to the
public for free). It consists of 778 parts with 936,258 nodes and
1,057,113 elements. Approximately 76% of the elements are shell
elements. Nearly 95% of shell elements are quadrangle elements
with average mesh size of 10 mm. The total vehicle mass is
1667 kg. Hourglass control is activated to avoid spurious zero
energy models caused by reduced integration, and the contact
algorithm (contact_interior) is used to avoid the simulations to end
with negative volumes errors for solid elements [19].

Our crashworthiness analysis follows the Chinese national
crash legislation (GB11551-2003), which demands simulation of
vehicle impacting rigid wall perpendicularly with the initial speed
of 50 km/h. The crash simulations are performed using LS-DYNA
MPP Version 971 R5. A single crash simulation for 100 ms takes
approximately three and half hours using eight 3.00 GHz Intel Core
2 Duo processors on a Linux cluster. Fig. 1(a) and (b) shows the
finite element model of the vehicle before and after the impact.
Frontal crashworthiness performance is generally measured by the
acceleration history (the peak acceleration typically used as a
rough indicator of impact severity) and by the toe-board intrusion
into passenger compartment, as illustrated in Fig. 1(c).

Fig. 2 shows the corresponding history responses, including
acceleration on the left rocker at B-pillar and toe-board intrusion.
The acceleration pulse is filtered by SAE filter (CFC 60 Hz). The peak
acceleration is 39.75g (units of gravity) and the toe-board intrusion
reaches its maximum of 105 mm at 70 ms.

2.2. Formulation of the optimization problem

The vehicle is designed such that the impact energy is absorbed
through structural deformation reducing the impact force to
tolerable levels, while the toe-board intrusion must be kept small
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Fig. 3. Critical components in the case of frontal crash.

Fig. 4. Time histories of energy absorption of the critical parts (shown in Fig. 3).

Table 2
Design requirements on crashworthiness.

Response Baseline Target

Objective

Mass (kg) 67.8 Minimize

Constraints

Peak acceleration (g) 39.75 �35

Toe-board intrusion (mm) 105 �90
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to protect the occupants. In the case of frontal crash, components
such as side member, shotgun, and subframe (shown in Fig. 3) play
an important role in both energy absorption and load-bearing
capacity [10]. Fig. 4 illustrates that energy absorbed by these
components accounts for about one-third of the total internal
impact energy (even though they make up only 4.4% of the whole
vehicle mass).

Optimization is performed to reduce the mass of the
components shown in Fig. 3 while following the guidelines for
frontal crash set by the automotive companies in China. To ensure
four or five stars in the ‘‘China New Car Assessment Program star’’
rating system, peak acceleration and intrusion must be limited to
35g and 90 mm, respectively. Seven design variables are defined to
modify the initial shape. Table 1 shows the set of design variables
and values for the baseline design as well as lower and upper
bounds. Table 2 shows how the baseline design compares with the
design requirements.
Table 1
The configuration of the design variables and their initial values.

Design

variable

Description Baseline

(mm)

Lower bound

(mm)

Upper bound

(mm)

x1 Shotgun inner 1.50 0.8 2.0

x2 Shotgun outer 1.28 0.8 2.0

x3 Side member inner 1.91 0.8 2.0

x4 Side member outer front 1.91 0.8 2.0

x5 Side member outer rein 2.40 0.8 2.0

x6 Side member outer rear 2.53 0.8 2.0

x7 Subframe 4.50 2.0 5.0
The optimization problem is formally defined as:

minimize mðxÞ ¼ 2:3056x1 þ 2:4530x2

þ 5:9794x3 þ 3:1645x4 þ 1:2369x5

þ 2:0616x6 þ 7:9146x7

such that aðxÞ � 35g
iðxÞ � 90 mm

xL
j � x j � xU

j ; j ¼ 1; 2; . . . ; 7

(1)

where m is the total mass of the selected components, a is the peak
acceleration, i is the toe-board intrusion, and xL

j and xU
j are the

lower and upper bounds for each design variable, respectively (as
defined in Table 1).

Because constraints are extremely expensive to evaluate, we
can afford only a few optimization cycles. Ideally, in each cycle we
want to have reduction in the total weight while keeping the
solution in the feasible region of the design space. To accomplish
that, we use safety margins to account for errors in the surrogate
models of the constraints.

3. Conservative surrogates for sequential sampling

3.1. Background on conservative surrogates

We denote by y the response of a numerical simulator or
function that is to be studied:

y : D � Rd ! R

x 7! yðxÞ (2)

where x ¼ fx1; . . . ; xdgT is a d-dimensional vector of input variables.
When the response yðxÞ is expensive to evaluate, it is

approximated by a cheaper model ŷðxÞ (surrogate model), based
on (i) assumptions on the nature of yðxÞ, and (ii) on the observed
values of yðxÞ at a set of points, called the experimental design [20]
(also known as design of experiment).

In this paper, a conservative surrogate ŷCðxÞ obtained by adding
a safety margin s to an unbiased surrogate model ŷðxÞ is an
empirical estimator of the type [18]

ŷCðxÞ ¼ ŷðxÞ þ s (3)

Although there are different measures of the conservativeness
of an approximation (e.g., the average error or the maximum non-
conservative error); for convenience, we use the percentage of
conservative (i.e., positive) errors. With the actual prediction errors
eðxÞ ¼ ŷðxÞ � yðxÞ (at any point of the design space), the cumula-
tive distribution function of the prediction error FEðeÞ can be used
to find the fraction of the errors that are conservative. In fact, FEðeÞ
gives the proportion of the errors that lies below any value.
Therefore, the percentage of conservative errors %c is obtained by

%c ¼ 100 � ½1 � FEð0Þ� (4)

The safety margin is selected to turn a desired percentage of the
errors conservative. The safety margin s for a given conserva-
tiveness %c can be expressed in terms of FEðeÞ as

s ¼ �F�1
E ð1 � %c

100
Þ (5)



Table 3
Optimization setup.

Aspect Setup

Surrogate model of the constraints Second order polynomial

response surface

Number of points in the initial

data set

70

Number of optimization cycles 8

Number of finite element analysis

per cycle

1

Maximum number of finite

element analysis

8

Optimization strategy #1 Unbiased surrogates

Optimization strategy #2 Surrogates with fixed c0

conservativeness level

Optimization strategy #3 Surrogates with sequentially

updated conservativeness level

(following the strategy proposed

in Section 3.2)

Optimization algorithm Sequential quadratic programming
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In practice, FEðeÞ is unknown, and the safety margin that
ensures a given level of conservativeness cannot be determined
exactly. We propose to design the safety margin using cross
validation. That is, we replace FEðeÞ by the cumulative distribution
function of the cross-validation errors FEXV

ðeXV Þ (Appendix A
details cross validation). In this way, the estimated safety margin
for a given target conservativeness %c becomes

ŝ ¼ �F�1
EXV
ð1 � %c

100
Þ (6)

More details on conservative surrogates are provided in Viana
et al. [18].

3.2. Proposed strategy for update of safety margin

As points are added to the data set throughout the optimization
cycles, it is important to update the safety margins from cycle to
another. The updated safety margin should not only reflect the
increased accuracy but also allow further gains in the optimization.
We propose a strategy that takes the present best feasible sample
and the allowable constraint value into account as follows:

� For the first cycle, estimate the safety margin for a conserva-
tiveness level of choice c0 based on initial sampling data. We
propose to choose %c0 by calculating the ratio of the infeasible
points to the total initial samples.
� For the next cycle i + 1.

(a) Update the conservativeness level using the allowable
constraint limit gallow and the value of the constraint at the
present best feasible sample g pb fs.

%ciþ1 ¼ max %ci � 1 �
gallow � g pb fs

gallow

� �
; 50

� �
(7)

(b) Estimate the safety margin using Eq. (6).

For example, the initial conservativeness for intrusion is set to
be 95% and the maximum allowable value is 90 mm. If when
improvement in the objective is observed and the finite element
simulation returns intrusion of 80 mm, the new conservativeness
level is 84% according to Eq. (7). Note that when the updated
conservativeness level reaches 50% and below, the unbiased
surrogate will be used instead.

4. Numerical tests

4.1. Setup

We start by sampling the design space with 70 data points
(following the 10 � ndv rule of thumb) using the Latin hypercube
Fig. 5. Initial data set of 70 points. (a) Mass versus peak acceleration for the initial 70 d
sampling scheme [21]. The translational propagation algorithm
[22] is used to optimize the spread of the points. Second order
polynomial response surfaces for the constraints are used in the
optimization task. We use leave-one-out cross validation to
estimate the safety margins (Appendix A details the topic of cross
validation). The SURROGATES toolbox of Viana [23] was used to
execute the polynomial response surface algorithm and calculate
the safety margin.

The optimization problem is solved with the sequential
quadratic programming (SQP) algorithm (using the MATLAB
function fmincon). We compare the results obtained from three
scenarios after eight optimization cycles: (i) unbiased surrogates,
(ii) surrogates with fixed c0 conservativeness level, and (iii)
surrogates with sequentially updated conservativeness level
(following the strategy proposed in Section 3.2). Each optimization
cycle consists of analyzing a number of designs, fitting surrogates
for the constraints, performing optimization based on the
surrogates for a candidate optimum, and finally analyzing that
candidate. Here, we just add the candidate solution to the training
set for the next cycle in our case. Table 3 summarizes the setup
used in the engineering example of vehicle design for crashwor-
thiness. We use multi start strategy from 50 different initial points
to avoid local optima.

4.2. Results and discussion

Fig. 5 illustrates the data used to build the surrogate models.
Fig. 5(a) and (b) shows the mass versus the peak acceleration and
mass versus toe-board intrusion, respectively. Only 5 out of the 70
ata points; and (b) mass versus toe-board intrusion for the initial 70 data points.



Table 4
Goodness of the fit of the surrogates.

Surrogate Peak acceleration Toe-board intrusion

R2 0.70 0.96

R2
ad j 0.40 0.92

Standard error 2.04 (17.4%) 7.13 (11.9%)

PRESSRMS 3.0 (25.9%) 10.4 (9.5%)

Response range 30.2–41.9 56.0–116.1
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points are feasible (both constraints bellow allowable values).
Since 93% of the initial data is infeasible, we choose the initial
conservativeness level %c0 to be 93% for both constraints. The best
initial sample (i.e., the lightest feasible design) is 9.3% lighter than
the baseline design.

Next, we examine the accuracy of surrogates created based on
the initial 70 points. Table 4 shows the error results, including R2,
R2

ad j, standard error (SE), and PRESSRMS (stands for prediction sum of
squares. See Appendix A for further details). In general, the
accuracy of the toe-board intrusion is reasonable, while it is hard to
fit the peak acceleration well with the limited number of sample
points. Response of the peak acceleration has much stronger
nonlinearity than toe-board intrusion. The large PRESSRMS indicates
that the elements of the cross validation error vector are large. That
in turn will most likely translate into potential overestimation of
the safety margins.

Fig. 6 shows the optimization results obtained by the three
strategies detailed in Table 3. Fig. 6(a) shows only the present best
feasible sample. It confirms that unbiased surrogates might offer
the risk of approaching the optimum from the unfeasible part of
Fig. 6. History plots of responses at the present best sample. (a) Mass reduction (unbi

conservativeness: 24%); (b) peak acceleration; and (c) toe-board intrusion.
the design space (which means that the surrogates underestimate
the constraints). In fact, mass reduction is only observed by the
seventh cycle. On the other hand, strategies using conservative
surrogates were able to improve the objective function more
consistently. For optimization based on the fixed 93% conservative
surrogates, mass reduction occurs on cycles #1, #4 and #6.
Optimization with sequentially updated conservativeness level
reduced mass at cycles #1, #3, #4, and #6.

Table 5 shows the analysis of the optimum designs obtained by
each strategy. Conservative surrogates not only provide more
candidate solutions in the feasible domain, but also allow for
further weight minimization within the same number of
optimization cycles, especially for the one based on the proposed
sequential updating strategy. Fig. 6(b) and (c) shows that, in eight
optimization cycles, none of the strategies found the global
solution of the optimization problem stated in Eq. (1). The optimal
design configuration is expected to have the constraints equal to
the maximum allowable value. Nevertheless, due to the computa-
tional cost, we were forced to terminate the optimization run
prematurely.

On the contrary, the combinational use of conservative
surrogates and sequential updating of safety margin is shown to
be very effective and practical when dealing with real engineering
problems. Often times, surrogate-based design optimization only
has the possibility of obtaining partially converged solutions,
rather than the global solution due to the limitations of the fitting
capability of surrogates, the computational cost, and the complex-
ity of constraint responses. With the help of safety margin, we can
ensure the constraint feasibility of the solution at the early stage of
optimization cycles. The optimization would be terminated at any
ased surrogate: 20.8%, fixed conservative surrogates: 22.6%, sequentially updated



Table 5
Optima for unbiased/conservative surrogates based optimization in three scenarios.

Design variables/

responses

Unbiased

surrogates

Fixed 93%

conservativeness

Sequentially

updated

conservativeness

x1 0.80 0.80 0.80

x2 0.80 0.80 0.80

x3 1.96 2.22 2.16

x4 1.90 1.58 1.00

x5 0.88 1.89 2.44

x6 2.07 0.80 0.80

x7 3.39 3.34 3.41

Mass (kg) 53.7 52.5 51.5

Mass reduction (kg) 14.1 (20.8%) 15.3 (22.6%) 16.3 (24%)

Acceleration (g)

– Surrogate prediction 35 35 35

– Crash simulation 32.5 34.9 33.8

– Relative error (%) 7.7% 0.3% 3.6%

Intrusion (mm)

– Surrogate prediction 90 90 90

– Crash simulation 74.8 80.8 84.2

– Relative error (%) 20.3% 11.4% 6.9%

Table 6
Estimated conservativeness levels and Wilson interval (with 95% confidence level)

for surrogates with sequentially updated conservativeness for peak acceleration.

Cycle Estimated levels (%) Wilson interval (%)

Lower bound Upper bound

1 93 86.2 97.8

2 89 81.0 95.1

3 89 81.3 95.2

4 80 70.3 88.2

5 77 70.7 88.4

6 77 69.6 87.5

7 74 67.1 85.6

8 74 67.5 85.7

Table 7
Estimated conservativeness levels and Wilson interval for surrogates with

sequentially updated conservativeness for toe-board intrusion.

Cycle Estimated levels (%) Wilson interval (%)

Lower bound Upper bound

1 93 86.2 97.8

2 90 81.0 95.1

3 90 81.3 95.2

4 67 55.7 76.8

5 65 56.3 77.1

6 65 56.8 77.5

7 61 51.9 73.1

8 61 51.2 72.3
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time if the designer is satisfied with the present results. The
sequential updating strategy helps to release the additional mass
associated with the conservativeness efficiently.

In order to verify the validity of the proposed sequentially
updating strategy, we estimate the errors due to limited sampling
based on the cross-validation method using the Wilson interval
(see Appendix B for detail). Tables 6 and 7 show the comparisons
between the estimated conservativeness levels via the proposed
updating strategy and the Wilson interval estimation based on
Eq. (B.2) with 95% confidence level. In eight optimization cycles,
the Wilson interval gives a reasonable estimate of the confidence
intervals, which means the estimation of safety margin is reliable.
Fig. 7. History plot of safety margins for two constraints. (a) Safety margin
This in turn indicates the feasibility of sequentially updating
strategy.

Fig. 7 shows the safety margins for two constraints in eight
cycles. The safety margins with fixed 93% conservativeness are also
updated because of the change of the sample points and thus in the
vector of cross validation errors. For the fixed conservativeness
surrogates, there are only marginal changes in the safety margin.
The approach of adding a point per cycle does not change the
accuracy of the surrogates much (Table 8). Besides, the accuracy of
surrogates is not guaranteed to be improved with the increase of
sample points. For example, both surrogates for peak acceleration
and toe-board intrusion get worse after cycles #6 and the
PRESSRMS values are increased, which indicates the large values
of the elements in the cross validation error vector to some extent.
As a result, the safety margins would be increased even in the case
of the same fixed 93% conservativeness level.

Although surrogates do not change much on accuracy for
sequentially updated conservativeness as well, updating strategy
for relaxing the conservativeness level provide reasonable and
effective decrease of the safety margins. The conservativeness level
becomes smaller and smaller, and finally converges to 50% if
enough optimization cycles are allowed. Meanwhile, the sequen-
tial updating strategy can alleviate the problem of reaching over-
conservative designs when compared to the one based on
surrogates with fixed 93% conservativeness.

Fig. 8 shows the relative errors of surrogate prediction and
actual response from crash simulations for two constraints at all
the candidate solutions of each cycle (which are not necessarily
feasible). If the relative error is larger than zero, the surrogate
overestimates the actual response at the solutions. As we can see,
the unbiased surrogates underestimate the actual response most of
the time. All the candidate solutions for optimization based on
s for peak acceleration and (b) safety margins for toe-board intrusion.



Fig. 8. Relative errors of surrogate prediction and actual value from crash simulation for two constraints at all the candidate solutions during iteration. (a) Relative errors for

peak acceleration at the candidate solutions and (b) relative errors for toe-board intrusion at the candidate solutions.

Table 8
Accuracy of the surrogates among optimization cycles.

Cycle Peak acceleration Toe-board intrusion

R2 PRESSRMS R2 PRESSRMS

1 0.704 3.000 0.962 10.400

2 0.709 2.978 0.963 10.261

3 0.763 2.999 0.965 10.684

4 0.762 2.907 0.967 10.289

5 0.768 2.767 0.967 9.895

6 0.703 3.075 0.950 11.830

7 0.713 2.980 0.952 11.909

8 0.701 3.015 0.953 11.670
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fixed 93% conservative surrogates can guarantee the overestima-
tion effectively. The sequential updating strategy ensures the
overestimation of the candidate solutions initially, and may turn
out to underestimate due to the progressive decrease of
conservativeness levels (cycles #5 and #7). This anomaly situation
in underestimation indicating more strict work on updating
strategy is a scope of future research. In general, the sequential
updating strategy works much better since it takes the overesti-
mation of surrogates and the non-conservativeness of candidate
solution into consideration simultaneously. As a result, much more
mass reduction can be obtained due to less bias for surrogates. It
also illustrates that the sequential updating strategy is suitable for
runs with short optimization cycles.

We also investigate the above three optimization scenarios
using the kriging technique instead of the polynomial response
surface. The DACE toolbox of Lophaven et al. [24] was used to
construct the kriging model with zero-order polynomial regression
model and a Gaussian correlation (Viana et al. [18]). The results are
presented in Appendix C. In conclusion, various surrogates would
achieve different optimum designs. Optimization based on
unbiased surrogates (kriging) does not achieve any feasible
solution within eight cycles, and the mass at the optima for two
conservative scenarios are a little heavier than the one based on the
polynomial response surface. However, there is no need to discuss
whether polynomial response surface and kriging is better. It is
noteworthy that the safety margin based conservative surrogates
is not tired to a particular surrogate, and it works well for kriging,
and other surrogates like radial basis function, support vector
regression etc., by means of compensating for fitting errors
associated with surrogates. If a designer wants to recover the
additional weight associated with the conservativeness, the
proposed sequential updating conservativeness level is shown to
be effective for relaxing the safety margins.
5. Concluding remarks

We examine the applicability of safety margins for surrogate-
based optimization applied to lightweight design of vehicle
structures under crashworthiness. The approach is based on
biasing surrogate of the expensive constraints such that optimiza-
tion ideally evolves in the feasible region of the design space. We
propose a scheme for updating the safety margin according to the
results of the optimization in each cycle. In our case study, we
compared the results obtained from unbiased surrogates, surro-
gates with fixed 93% conservativeness level, and our sequential
updating strategy for conservative surrogates. We find that:

� Unbiased surrogates approached the optimum from the unfea-
sible domain (seven out of eight cycles resulted in unfeasible
designs).
� Both strategies using conservative surrogates are more success-

ful in that they area able to provide more candidate solutions in
the feasible domain.
� Our approach for updating the safety margins successfully

reduced the conservativeness level. It resulted in more weight
reduction than using the fixed conservativeness level.
� The integration of conservative surrogates and sequential update

of safety margins is shown to be very effective for the practical
engineering optimization, which is usually allowed to run the
iterative optimization for very few cycles.
� Based on polynomial response surface, the structural mass is

reduced by 16.3 kg (24%) for sequentially updating conserva-
tiveness level without scarifying vehicle frontal crashworthiness,
showing great potential for surrogate-based design optimization.

In the future, we plan to explore how to further control the
reduction of the conservativeness level. That will impact in how



Fig. C.1. History plots of objective at the present best sample based on kriging (mass

reduction in fixed 93% conservative surrogates: 20.4%, sequentially updated

conservativeness: 23.3%).
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much improvement we can achieve in each optimization cycle. We
also want to test this approach on reliability-based design
optimization. For example, we want to investigate how the
estimated conservativeness relates with the probability of failure.
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Appendix A. Cross validation

The accuracy of a surrogate is measured by the root mean
square error

eRMS ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

V

Z
V

e2ðxÞdx

vuut ;

eðxÞ ¼ ŷðxÞ � yðxÞ:

(A.1)

We compute eRMS by Monte-Carlo integration at a large number
of ptest test points

eRMSffi

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

ptest

Xptest

i¼1

e2
i

vuut ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

ptest

Xptest

i¼1

½ŷi � yi�
2

vuut : (A.2)

Due to the computational cost of estimating eRMS, cross
validation is often used as an alternative for both assessing
accuracy and surrogate selection [25]. It is attractive because it
does not depend on the statistical assumptions of a particular
surrogate technique and it does not require extra test points
(nevertheless, cross validation should be used with caution, since
problems such as bias have been reported) [26]. Cross validation is
a process of estimating errors by constructing the surrogate
without some of the points and calculating the errors at these
omitted points. The process proceeds by dividing the set of p data
points into k subsets. The surrogate model is fit to all subsets
except one, and error is computed for the omitted subset. This
process is repeated for all subsets to produce a vector of cross-
validation errors eXV (also known as the PRESS vector, where PRESS

stands for prediction sum of squares). The root mean square error
eRMS is estimated from eXV by

PRESSRMS ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

p
eT

XV eXV

s
: (A.3)

Appendix B. Wilson interval

We should note that there are two error sources associated
with Eq. (6) for estimating the safety margin s. The first is due
to finite sampling and the second is due to the used of cross-
validation errors instead of actual errors. We can estimate the
uncertainty due to finite sampling by assuming that IðeXVi

Þ
(which equal 1 if eXVi

> 0 and 0 otherwise) are independent and
identically distributed random variables following a Bernoulli
distribution with a probability of success of c. Although this is a
strong assumption (since the prediction errors are spatially
correlated), it might be acceptable if the points are far from
each other (as in the case of the data points and cross-
validation errors). With that, the standard interval estimation
of the ð1 � aÞ confidence interval CIs for the conservatives ĉ is
usually taken as

CIs ¼ ĉ 	 k p�1=2ðĉq̂Þ1=2
;

q̂ ¼ 1 � ĉ; k ¼ za=2 ¼ F�1 1 � a
2

� � (B.1)
where p is the number of data points, FðzÞ is the standard normal
distribution function, and a is some prespecified value between 0
and 1. CIs is also known as the Wald interval.

However, Eq. (B.1) fails, especially for small p and high values
of ĉ (which are often those of interest). An example of a well-
accepted alternative to the standard interval is the co-called
Wilson interval:

CIW ¼
ðĉ pÞ þ k2=2

p þ k2
	 k p1=2

p þ k2
ĉq̂ þ k2

4 p

� �1=2

(B.2)

More information can be found in Viana et al. [18] and reference
herein.

Appendix C. Optimization results based on kriging

We present the optimization results obtained from unbiased
surrogates, fixed 93% conservative, and the sequential updating
strategy for conservative surrogates. Kriging is used as unbiased
surrogates instead of polynomial response surface.

Firstly, we examine the accuracy of kriging models based on
initial 70 points in terms of PRESSRMS. The PRESSRMS values for
peak acceleration and toe-board intrusion are 2.3 and 10.7,
respectively. The peak acceleration is better than the one based
on polynomial response surface, whereas toe-board intrusion
becomes worse.

Fig. C.1 shows the optimization results obtained by the three
strategies based on kriging model. We can get the same
conclusion that unbiased surrogates might obtain the optimum
from the unfeasible domain, and both conservative surrogates
ensure the constraint feasibility of the solution effectively and
improve the objective consistently. In addition, there is no
feasible optimum within eight cycles for optimization based on
unbiased surrogates, and much more mass savings would be
achieved based on the sequential update of safety margins.
Table C.1 shows the analysis of the optimum designs obtained
by each strategy based on kriging. Different surrogates prefer
different regions of design space when comparing the optimal
points based on kriging and polynomial response surface. It
demonstrates that the safety margin approach for conservative
prediction is not only limited to polynomial response surface,
but also works well for other kinds of surrogates, such as
kriging etc.



Table C.1
Optima for unbiased/conservative surrogates based optimization in three scenarios

based on kriging.

Design variables/

responses

Unbiased

surrogates

Fixed 93%

conservativeness

Sequentially updated

conservativeness

x1 No feasible

solution

1.08 1.36

x2 0.89 0.80

x3 2.32 2.20

x4 0.88 1.04

x5 2.35 1.38

x6 0.95 0.80

x7 3.52 3.42

Mass (kg) 54.0 52.0

Mass reduction (kg) 13.8 (20.4%) 15.8 (23.3%)

Acceleration (g)

– Surrogate prediction 35 35

– Crash simulation 34.1 32.1

– Relative error (%) 2.6% 12.2%

Intrusion (mm)

– Surrogate prediction 90 90

– Crash simulation 75.6 79.7

– Relative error (%) 19.1% 14.2%

Fig. C.2. History plot of safety margins for two constraints based on kriging. (a) Safety margins for peak acceleration and (b) safety margins for toe-board intrusion.
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Fig. C.2 shows the safety margins for two constraints in eight
optimization cycles. The safety margins with fixed 93% conserva-
tiveness do not change much with the same reasons discussed in
Section 4.2. The proposed updating strategy works well for relaxing
the safety margin while guaranteeing the constraint feasibility.
However, the values of safety margins for two constraints at the
initial cycle (with the same 93% conservativeness) are larger than the
ones in polynomial response surface, resulting in higher objective
values at cycle #1. As a consequence, mass reductions for both
conservative surrogates are relative less within eight cycles when
compared to the results obtained from polynomial response surface.
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