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ABSTRACT 

The practice of applying strain-life relationships to model 

materials subjected to low cycle fatigue conditions has been 

widely-accepted for the past seventy years. The Coffin-Manson 

rule employs a double, two-parameter power law equation to 

correlate cycles to failure to strain range (or vice versa). Plastic 

strain range dominates low life, while elastic strain dominates 

high life. In some settings with well-established materials, 

copious amounts of test data are available. The median response 

and the Coffin-Manson parameters are determined through 

regression. Scatter in both strain amplitude and fatigue life 

values are a consequence of material and specimen variation, test 

technician attributes or more. Recent initiatives have endeavored 

to transition deterministic approaches over to probabilistic 

analogies. Confidence bands, lower ones in particular, are useful 

for understanding reliability curves and implementing 

reliability-based design and optimization. In settings with 

accelerated product development schedules, intentionally sparse 

sets of test data are used to play “what if” scenarios in the context 

of life prediction. We propose a non-stationary variance to model 

deviations from the Coffin-Manson rule and use Bayesian 

statistical methods to estimate model parameter uncertainties. 

The proposed approach is applied to the calibration of strain-life 

parameters of the candidate material Inconel 617, a Ni-base alloy 

used is combustion equipment. When compared with constant 

variance (such as in traditional regression), the results show an 

improved characterization of the confidence bounds for fatigue 

life. This is important as it indicates that the methodology can be 

used to manage the number of coupon test to achieve an 

acceptable convergence. 

NOMENCLATURE 

𝜖𝑎 : strain amplitude 

𝑁𝑓 : fatigue life 

𝜎𝑓 : fatigue strength coefficient 

𝐸 : Young’s modulus 

b : fatigue strength exponent 

𝜖′𝑓 : fatigue ductility coefficient 

c : fatigue ductility exponent 

1. INTRODUCTION
Fielding life prediction models employed in modeling

durability of structures generally proceeds with analysis at the 

material length scale. Test coupons of the candidate material are 

exposed to conditions that the subject structure would undergo 

in service. Conventionally, mechanical tests are conducted under 

high temperature low cycle fatigue, high cycle fatigue, and other 

forms of characterization. Test data take the forms of 

deformation (e.g. stress-strain curves) and crack initiation 

responses (e.g. strain-life) data life. Constitutive models can be 

tuned to match hysteresis and used in corroboration with lifing 

models to regress fatigue-life. The models are subsequently 

exercised and in some cases embedded in general-purpose finite 

element modeling packages. Although a number of approaches 

have been developed, the framework of testing, modeling, and 

application has not varied much since the 1980s as evidenced in 

recent reviews. In addition, there has been documented interest 

in modeling uncertainty in coupon data through fully 

probabilistic approaches [1-3].  

 As newer alloys emerge as potential candidates for hot 

structures, however, their adaptation in designs can be 

decelerated due to the expansive test programs needed to develop 

the requisite data set mentioned earlier. In this paper, we propose 

a novel probabilistic approach to quantify uncertainty in energy-

based low cycle fatigue models. We propose to model deviations 

from the Coffin-Manson rule using a non-stationary variance. 

Per Coffin-Manson rule, we fit strain amplitude as a function of 

fatigue life. At that point, some probabilistic approaches would 

model the error as normally distributed with zero-mean and 

constant variance. Instead, we propose the error to be normally 

distributed with zero-mean (Coffin-Manson is an unbiased 

model after all) and variance that is a function of fatigue life itself 

(i.e., the variance is non-stationary). This feature corroborates 

with experimental observations. Given the improved estimates 

for fatigue life confidence bounds,  this framework can 

potentially become a powerful tool for planning more efficient 

test campaigns that support characterization and development of 

new materials. 

The proposed framework is evaluated considering a base set 

of low cycle fatigue data for a candidate Ni-base alloy often used 
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in combustion applications. Although, in this contribution we 

only show results for low cycle fatigue data, we believe the 

methodology could be applied to other failure modes such as 

creep-fatigue, thermo-mechanical fatigue could be used for 

model verification [6]. 

 The remaining of the paper is organized as follows. Section 

2 gives the background (strain-life and model estimation through 

least squares) and presents the Bayesian formulation (model 

form, likelihood, and posterior formulation) used in this work. 

Section 3 describes material used in this study (typical service 

conditions, sources of uncertainty, and synopsis of available 

data). Section 4 presents and discusses the results. Finally, 

section 5 closes the paper recapitulating salient points and 

presenting concluding remarks and future work. 

2. BACKGROUND AND PROPOSED FORMULATION 
2.1 Observation error with stationary variance 

The primary mechanism of crack initiation and early 

propagation of a material subjected to cyclic loading is termed 

as “fatigue.” Fatigue damage progresses in metals by way of 

dislocation generation on preferentially-oriented grains leading 

to persistent slip bands facilitating intrusion and extrusion 

development and ultimately a Stage I crack. While both stress- 

and energy-life methods have been developed extensively to 

predict the onset of fatigue cracks, the former approach is most 

appropriate for high cycle fatigue conditions and energy methods 

have yet to be progressed for multiaxial states of the strain/strain 

[20]. The total strain approach, which merges contributions from 

Coffin, Manson, Basquin, and Haford, excels at life prediction 

for both low cycle fatigue (LCF) and high cycle fatigue 

conditions, i.e.,  

𝜖𝑎 =
𝜎𝑓

𝐸
(2𝑁𝑓)

𝑏
+ 𝜖′𝑓(2𝑁𝑓)

𝑐
 (1) 

where 𝜖𝑎 is the strain amplitude, 𝑁𝑓 is the fatigue life, 𝜎𝑓 is the 

fatigue strength coefficient, 𝐸 is the Young’s modulus, b is the 

fatigue strength exponent, 𝜖′𝑓 is the fatigue ductility coefficient, 

and c is the fatigue ductility exponent. 

In terms of estimating the set of Coffin-Manson parameters 

(i.e. 𝜎𝑓, 𝐸, 𝑏, 𝜖′𝑓 and c): 

 Traditionally, observed 𝜖𝑎 and 𝑁𝑓 obtained through a 

series of coupon tests that are then used to estimate the 

Coffin-Manson parameters. 

 In engineering, Eq. (1) is used to estimate fagitue life 

𝑁𝑓, for a given strain amplitude 𝜖𝑎. However, when 

fitting the model parameters (and likely only then), 

fatigue life is taken as input and and strain amplited 

taken as output. Although this is not how Eq. (1) would 

be commonly used, it is an artifact for model parameter 

estimation. 

 Minimization of the residual sum of squares (a.k.a, 

ordinary least square or OLS for short) is a very popular 

                                                           
1 Eq. (2) clearly shows that strain amplitude is an output when it comes to 

estimating the Coffin-Mason parameters. 

choice. There is aggreement in the scientific community 

that for a large enough sets of coupon data, the OLS 

offers a robust estimation method for the Coffin-

Manson parameters. 

Unfortunately, point-estimates approaches like OLS do not 

explicitly incorporate uncertainty in their estimates (other than 

through approximations such as first order Taylor expansions or 

Gaussian approximations using derivative information) [4]. 

Uncertainty estimates (e.g. prediction intervals) for fatigue life 

are useful in both probabilitsc design (as in reliability-based 

design optimization) as well as characterization of fatigue life 

itself. For example, convergence of confidence bounds can  be 

used to determine how many coupon tests are needed. In this 

work, we propose using a Bayesian framework to: 

1. Provide full uncertainty quantification of the Coffin-

Manson parameters. Including the ability to specify 

prior distributions for the same (upon availability). 

2. Update the model with smart acquisition of new coupon 

data (fatigue life uncertainty can be used to assess 

sequential sampling). 

The proposed Bayesian formulation is simple and starts by 

assuming that:   

𝜖𝑎
 (𝑜𝑏𝑠)

= 𝜖𝑎
 (𝑚𝑜𝑑𝑒𝑙)

+ 𝛿, and 

𝜖𝑎
 (𝑚𝑜𝑑𝑒𝑙)

=
𝜎𝑓

𝐸
(2𝑁𝑓)

𝑏
+ 𝜖′𝑓(2𝑁𝑓)

𝑐
 

(2) 

where 𝛿 is the observation error1. In most implementations, 𝛿 is 

assumed to be normally distributed with zero mean and constant 

variance λ: 

𝛿~𝑁(μ = 0, 𝜎𝛿
2) and 𝜎𝛿

2 = 𝜆 = 𝑐𝑡𝑒 (3) 

Under such assumption, the likelihood for the data given the 

model parameters is given by 

𝐿(𝝐𝑎
 (𝑜𝑏𝑠)

 |𝑵𝑓
(𝑜𝑏𝑠)

, 𝜽, 𝜆) =
1

(2𝜋𝜆)𝑝/2 𝑒𝑥𝑝 (−
1

2𝜆
𝒆𝑇𝒆), 

𝜽 = [𝜎𝑓, 𝐸, 𝑏, 𝜖′𝑓 , 𝑐], and 

𝒆 = 𝝐𝑎
 (𝑜𝑏𝑠)

− 𝝐𝑎
 (𝑚𝑜𝑑𝑒𝑙)

 

(4) 

where 𝝐𝑎
 (𝑜𝑏𝑠)

 and 𝑵𝑓
(𝑜𝑏𝑠)

 is set of observed coupon data, 𝝐𝑎
 (𝑚𝑜𝑑𝑒𝑙)

 

is computed with the observed 𝑵𝑓
(𝑜𝑏𝑠)

 and the set of the Coffin-

Manson parameters 𝜽, and 𝑝 is the number of degrees of freedom 

in the model (in this case, 𝑝 = 5, as we assume that 𝐸 is known). 

 

2.2 Observation error with non-stationary variance 
Although useful and straightforward, the assumption of 

observation error with normally distributed with zero mean and 

stationary variance does not agree with observed data. Taking  

fatigue life as input and and strain amplited as output; coupon 

data shows that observation error decreases with fatigue life. To 

overcome that limitation, in this paper, we propose a variance 

that is a function of fatigue life: 

𝜎𝛿
2(𝑁𝑓) = 𝜆1 + 𝜆2𝑒

−𝜆3((𝑙𝑜𝑔(𝑁𝑓))
2

)
. (5) 
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According to Eq. (5), 𝜆1 + 𝜆2 is the limit for the variance 

when 𝑁𝑓 → 0. In practice, this is an upper bound for the variance 

in the plastic domain. On the other hand, 𝜆1 is the limit for the 

variance when 𝑁𝑓 → ∞. In practice, this is the upper bound for 

the variance in the elastic domain. Finally, 𝜆3 controls how the 

variance transitions between the plastic and elastic domains.   

With the variance for the observation error 𝛿 modelled 

through Eq. (5), the likelihood for the data given the model 

parameters is given by 

𝐿(𝝐𝑎
 (𝑜𝑏𝑠)

 |𝑵𝑓
(𝑜𝑏𝑠)

, 𝜽 , 𝝀)

=
1

(2𝜋|𝚺|)𝑝/2
exp (−

1

2
𝒆𝑇𝚺𝒆) 

 

(6) 

where 𝚺 is a diagonal covariance matrix for the observed data2. 

If priors for the Coffin-Manson parameters and the 

observation error are available; then, from Bayes’ rule, we obtain 

the posterior distribution of the parameters given observed data: 

𝑝(𝜽, 𝝀|𝝐𝑎
 (𝑜𝑏𝑠)

) =

𝐿(𝝐𝑎
 (𝑜𝑏𝑠)

 |𝑵𝑓
(𝑜𝑏𝑠)

, 𝜽, 𝝀)𝑝0(𝜽)𝑝0(𝝀)

∫ 𝐿(𝝐𝑎
 (𝑜𝑏𝑠)

 |𝑵𝑓
(𝑜𝑏𝑠)

, 𝜽, 𝝀)𝑝0(𝜽)𝑝0(𝝀)𝑑𝜽𝑑𝝀
, 

(7) 

where 𝑝0(𝜽) and 𝑝0(𝝀) are the priors for the Coffin-Manson and 

observation error parameters, respectively. 

The denominator in Eq. (7) is not available in close-form 

and, in practice, one has to solve it numerically. Algorithms for 

numerical integration of the posterior distribution include the 

Markov chain Monte Carlo, particle filter, and others. 

Numerical integration of Eq. (7) generates a large set of 

samples for 𝜽 and 𝝀 (which characterizes the posterior 

distribution). Propagating these samples through the model 

defined in Eq. (1) and sweeping through 𝑁𝑓 characterizes the 

distribution in the 𝜖𝑎. Propagating only 𝜽 = [𝜎𝑓 , 𝐸, 𝑏, 𝜖′𝑓 , 𝑐] 

quantifies the uncertainty in the predicted 𝜖𝑎 without considering 

observation error. Intervals on this distribution are referred to as 

confidence intervals. If 𝜎𝛿
2 is also considered, then realizations 

of 𝜖𝑎 are drawn from 

𝜖𝑎
(𝑝𝑟𝑒𝑑)

~𝑁 (
𝜎𝑓

𝐸
(2𝑁𝑓)

𝑏
+ 𝜖′

𝑓(2𝑁𝑓)
𝑐
 , 𝜎𝛿

2), (8) 

and the intervals on this distribution are referred to as prediction 

intervals. Rigorously, while drawing from the posterior 

distribution of 𝜖𝑎
(𝑝𝑟𝑒𝑑)

, one has to reinforce that 𝜖𝑎
(𝑝𝑟𝑒𝑑)

≥ 0. 

 

2.3. A heuristic approach for setting bounds up for the 
calibration parameters 

As mentioned previously, solving Eq. (7), with the 

likelihood given by either Eq. (4) or (6), is done numerically 

through methods such as Markov chain Monte Carlo and particle 

filter. These sampling-based algorithms need lower and upper 

bounds for calibration parameters. In other words, we need to 

define the bounds for the Coffin-Manson parameters (𝜎𝑓, 𝐸, 𝑏, 

                                                           
2 𝚺 is diagonal since observations are independent. 

𝜖′𝑓, and 𝑐) as well as the variance parameters (𝜆1 for the 

stationary model, and 𝜆1,  𝜆2, and 𝜆3 for the non-stationary 

model). Ideally, the bounds for some of these parameters (if not 

all) would be specified using engineering judgment. In practice, 

one could even use values from a similar alloy to help with this 

taks. Here, we decide to use the following approach: 

 Coffin-Manson parameters (𝜎𝑓, 𝐸, 𝑏, 𝜖′𝑓, and 𝑐): 

o With the available data, we fit the Coffin-Manson 

model through ordinary least squares. 

o We then use this solution to build a reference for our 

lower and upper bound (e.g., we make the interval 

to be ±50% of the ordinary least square solution). 

 Variance parameters: 

o 𝜆1 for the stationary model: 

 We compute the residuals at the observed data 

using the previously found ordinary least square 

Coffin-Manson parameters. 

 We then compute the variance of the residuals 

at the observed data and use it as a reference for 

𝜆1 (e.g., we make the interval to be ±20% of 

this value). 

o 𝜆1,  𝜆2, and 𝜆3 for the non-stationary model: 

 We assume 𝜆1 to be constant. There are no hard 

guidelines for setting its value up. Here, we use 

engineering judgment and the fact that 𝜆1 is the 

limit for the variance when 𝑁𝑓 → ∞. 

 𝜆1 + 𝜆2 is the limit for the variance when 𝑁𝑓 →

0. With that in mind, we plot the squared 

residuals against 𝑁𝑓 and define a resoanable 

range for 𝜆2 by visually extrapolating the 

squared residuals when 𝑁𝑓 → 0. 

 We solve for 𝜆3 such that ∫ 𝜎𝛿
2 = Var [𝒆], where 

𝒆 are the residuals at the observed data. 

3. CANDIDATE MATERIAL 
The candidate material for this study is IN617, a nickel-

based superalloy that is imparted with considerable strength at 

elevated temperatures due to its high percentage of alloying 

cobalt and molybdenum, and creep properties at elevated 

temperatures due to its high nickel and chromium content. The 

material is a solid-solution strengthened, nickel-chromium-

cobalt-molybdenum alloy, and with is high chromium and 

aluminum content, it displays superior oxidation resistance 

compared to other Ni-base alloys at high temperature. Since the 

introduction of the materials in the late 1960s, it has received 

increased attention as an alloy for reactor/combustion devices or 

aircraft turbine components [5].  

Many fatigue studies were performed to investigate the 

influences of temperature [7-10], strain rate [11], and dwell 

period [12, 13]. Several others investigated creep deformation 

and rupture [14-18]. Non-isothermal, low cycle fatigue [also 

termed thermomechanical fatigue has been studied as well 

[19].Across studies, the grain morphologies of IN617 specimens 
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are generally identical. In addition, this material has a relatively 

low density when compared to others in its class. This makes 

IN617 suitable for applications such as gas-powered turbines, 

nuclear reactors, and hypersonic aircraft, where components are 

subjected to constant or cyclic mechanical loads at temperatures 

up to 980°C, and where weight is a factor. Alternative 

designations for this material are Nicrofer 617, Alloy 617, UNS 

N06617, and W.Nr. 2.4663a. After an extensive literature review, 

a comprehensive database is created on IN-617 alloy to be used 

in this work. 

4. RESULTS AND DISCUSSION 
4.1. Bayesian calibration of Coffin-Mason model 

Figure 1-(a) shows the complete set of 61 data points used 

in this study and the Coffin-Mason model with the ordinary least 

square parameters. Figure 1-(b) shows the squared residuals at 

the observed data versus 𝑁𝑓. This clearly illustrates the 

limiations with the stationary variance model as the variation in 

the square residuals decreases dramatically with  𝑁𝑓. 

 

 
(a) Ordinary least square model.  

 
(b) Squared residuals at observed data. 

Figure 1. Ordinary least square and residuals at observed 

data. The ordinary least squares estimates for the Coffin-

Manson model parameters are: 𝝈𝒇 = 𝟏. 𝟖𝟕𝟓, 𝒃 = −𝟎. 𝟐𝟏𝟎, 

𝝐′𝒇 = 𝟏. 𝟑𝟒𝟐 and 𝒄 = −𝟎. 𝟖𝟗𝟕. This result serves as initial 

point for Bayesian analysis as it helps defining the bounds 

for the calibration parameters. 

 

With the results from Figure 1, we proceed to the Bayesian 

calibration of the Coffin-Mason model. Here, we assume the 

priors for all calibration parameters to be uniform between lower 

and upper bounds determined with the heuristic discussed in 

Section 2.3. Table 1 shows the bounds for each parameter. 

 

Table 1. Bounds for the prior distribution of the Coffin-

Manson parameters and observation error. For simplicity, 

all parameters are assumed to be uniformly distributed. 

Young’s modulus is assumed to be 𝐄 = 𝟏𝟓𝟐, 𝟎𝟎𝟎. The 

ordinary least squares estimates are: 𝝈𝒇 = 𝟏. 𝟖𝟕𝟓, 𝒃 =

−𝟎. 𝟐𝟏𝟎, 𝝐′𝒇 = 𝟏. 𝟑𝟒𝟐 and 𝒄 = −𝟎. 𝟖𝟗𝟕. Following the 

procedure discussed in Section 2.3, we set 𝝀𝟏 = 𝟏𝟎−𝟕 for the 

non-stationary variance model. 

Coffin-Manson model 

Parameter Lower bound Upper bound 

𝜎𝑓 1,000 3,000 

𝑏 -0.35 -0.15 

𝜖′𝑓 0.5 2.5 

𝑐 -0.9 -0.8 

Stationary variance model 

Parameter Lower bound Upper bound 

𝜆1 1.230 x 10−6 1.843 x 10−6 

Non-stationary variance model 

Parameter Lower bound Upper bound 

𝜆2 10−5 10−4 

 

Table 2 shows the 95% intervals for the posterior 

distribution of the Coffin-Manson parameters (keep in mind this 

is only a partial view of the results, as all calibration parameters 

are jointly distributed). The distribution seems to be heavily 

tailed for the most part (as 2.5 and 97.5 percentiles are close to 

the lower and upper bounds, respectively), with a few 

exceptions, which became tightly constrained. Overall, the 

medians of the calibration parameters are relatively close to the 

point estimator returned by ordinary least squares (presented 

only for comparison and do not represent an accuracy metric for 

the proposed framework). As previously mentioned, one main 

advantaged of the Bayesian approach over point estimator 

procedures is the inherent ability to return uncertainty estimates 

(not always available in point estimator procedures, unless 

approximations are used). 
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Table 2. 95% intervals for the posterior distribution of the 

Coffin-Manson parameters when using all available data 

(850℃ - 61 data points). The ordinary least squares 

estimates are: 𝝈𝒇 = 𝟏. 𝟖𝟕𝟓, 𝒃 = −𝟎. 𝟐𝟏𝟎, 𝝐′𝒇 = 𝟏. 𝟑𝟒𝟐 and 

𝒄 = −𝟎. 𝟖𝟗𝟕. 
Coffin-Mason model with stationary variance 

Parameter 2.5th prctl 50th prctl 97.5th prctl 

𝜎𝑓 1,061 1,891 2,930 

𝑏 -0.329 -0.252 -0.176 

𝜖′𝑓 0.803 1.092 1.428 

𝑐 -0.898 -0.853 -0.804 

𝜆1 1.623 x 10−6 1.791 x 10−6 1.843 x 10−6 

Coffin-Mason model with non-stationary variance 

Parameter 2.5th prctl 50th prctl 97.5th prctl 

𝜎𝑓 1,152 1,396 1,853 

𝑏 -0.228 -0.180 -0.177 

𝜖′𝑓 0.724 1.236 1.237 

𝑐 -0.894 -0.893 -0.812 

𝜆2 1.188 x 10−5 5.123 x 10−5 9.871 x 10−5 

 

The posterior distribution of the Coffin-Manson parameters 

can be propagated through the model defined in Eqs. (2) and (8) 

to characterize the uncertainties in the strain-based fatigue life.  

Figure 2-(a) and (b) show the posterior median and confidence 

bands for the strain amplitude versus fatigue life, considering 

both stationary and non-stationary variance models, respectively. 

The confidence interval (dashed lines) quantifies the uncertainty 

in the predicted 𝜖𝑎 without considering the observation error. In 

other words, it expresses the confidence in the mean predictions. 

This uncertainty depends on the available data as well as the 

model form (and therefore, this uncertainty decreases with 𝑁𝑓). 

The prediction interval (dotted lines) quantifies the uncertainty 

in the predicted 𝜖𝑎 while also considering the observation error. 

In the statistical model expressed in Eq. (2), the observation error 

𝛿~𝑁(0, 𝜎𝛿
2) is the term that accounts for everything that is not 

covered in Eq. (1). In other words, any specimen-to-specimen 

variation (heat treatment, composition, etc.) as well as 

experimental measurement error. Figure 2-(a) highlights the 

effect of the stationary variance model, which returns an interval 

resembling a “constant” band around the median prediction. 

While this does not seem to be a problem for short fatigue lives, 

it is definitely not an adequate representation for long fatigue 

lives (let us say for 𝜖𝑎 < 0.005). As illustrated in Figure 2-(b), 

this problem is overcome when we use the proposed non-

stationary variance model. In this case, the prediction interval 

decreases with 𝑁𝑓 (converging to a small band in the elastic 

domain). Figure 2-(c) shows the difference between the two 

variance models and how they contrast with the observed data. 

It is then clear that the proposed non-stationary variance is better 

suited to quantify uncertainty in the Coffin-Mason model. 

 

 
(a) Coffin-Mason model with stationary variance. 

 
(b) Coffin-Mason model with non-stationary variance. 

 
(c) Median of variance models against data. 

Figure 2. Posterior confidence and prediction intervals for 

strain amplitude versus fatigue life when considering all 

available data. The confidence interval (CI) only accounts 

for the uncertainty in the Coffin-Manson parameters, while 

the prediction interval (PI) also accounts for the 

observation error as well. 

 
In terms engineering, uncertainty bands (both confidence 

and prediction intervals) can be used for probabilitsc design. A 

designer can take the probabilistic Coffin-Manson model use it 

in assessing probabilistic fatigue life distribution of a crictical 
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compoenent. Another interesting use of confidence and 

prediction intervals is in characterization of fatigue life itself. For 

example, when running a coupon at very small strain levels, one 

can use the prediction interval to assess the probability that 

coupon will turn into a runout after a given number of cycles. 

Another interesting application is in sequential sampling (adding 

coupons to the data set and updating the model). This is 

discussed in depth in the next sub-section. 

 
4.2. Bayesian approach for sequential sampling 

To illustrate how the probabilistic strain-life curves 

calibrated with the Bayesian approach can help with sequentially 

adding new coupon data, we calibrate the Coffin-Mason model 

with the portion of the available data in which 𝜖𝑎 ≥ 0.007. There 

is no particular reason for this threshold other than convenience. 

In other words, it is high enough to lead to fast coupon data 

gathering (less than 1,000 cycles). In general, engineering 

knowledge about the specific fatigue behavior of the alloy to be 

studied can help setting this threshold up.  When it comes to the 

particular available data set, 𝜖𝑎 ≥ 0.007 also leads to 10 data 

points. Although the number of data points is related to the 

budget (financial and time) for gathering the coupon data, 10 

data points supports the rule of thumb that recommends the use 

of roughly two-data points per coefficient (from discussions 

presented in Section 3, the statistical model has 5 coefficients to 

be calibrated, 4 are Coffin-Manson parameters and one for the 

observation error variance). 

Table 3 shows the 95% intervals for the posterior 

distribution of the Coffin-Manson parameters. It is easy to see 

that the distribution remains heavily tailed and it is also different 

than the one summarized in Table 2. With no surprise, the 

medians of the calibration parameters do not resemble the 

ordinary least squares estimates anymore (these where obtained 

with the full data set). 

 

Table 3. 95% intervals for the posterior distribution of the 

Coffin-Manson parameters when model is updated with 

data in which 𝝐𝒂 ≥ 𝟎. 𝟎𝟎𝟕 (10 data points). The ordinary 

least squares estimates obtained with the full data set are: 

𝝈𝒇 = 𝟏. 𝟖𝟕𝟓, 𝒃 = −𝟎. 𝟐𝟏𝟎, 𝜺′𝒇 = 𝟏. 𝟑𝟒𝟐 and 𝒄 = −𝟎. 𝟖𝟗𝟕. 

Coffin-Mason model with stationary variance 

Parameter 2.5th prctl 50th prctl 97.5th prctl 

𝜎𝑓 1,558 2,538 2,975 

𝑏 -0.256 -0.182 -0.152 

𝜖′𝑓 0.569 0.811 1.185 

𝑐 -0.898 -0.853 -0.803 

𝜆1 1.463 x 10−6 1.755 x 10−6 1.840 x 10−6 

Coffin-Mason model with non-stationary variance 

Parameter 2.5th prctl 50th prctl 97.5th prctl 

𝜎𝑓 1,851 1,879 1,898 

𝑏 -0.266 -0.215 -0.200 

𝜖′𝑓 1.115 1.396 1.494 

𝑐 -0.920 -0.884 -0.870 

𝜆2 1.243 x 10−5 4.850 x 10−5 9.166 x 10−5 

 

 
(a) Coffin-Mason model with stationary variance. 

 
(b) Coffin-Mason model with non-stationary variance. 

 
(c) Median of variance models against data. 

Figure 3. Posterior confidence and prediction intervals for 

strain amplitude versus fatigue life when model is updated 

with data in which 𝝐𝒂 ≥ 𝟎. 𝟎𝟎𝟕 (remaining data shown only 

for illustration). The confidence interval (CI) only accounts 

for the Coffin-Manson parameters, while the prediction 

interval (PI) also accounts for the observation error. 

 

However, following the Bayesian formulation presented in 

Section 2, the posterior median and confidence bands for the 

strain amplitude versus fatigue life can be obtained by sweeping 
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the fatigue life up to 106 cycles, as illustrated in in Figure 3. At 

this point, one can use the Coffin-Mason calibrated models to 

support decision regarding a new set of coupon tests3. For 

example, Figure 3-(a) and (b) show that both models estimate 

that coupon tests performed at 𝜖𝑎 = 0.005 will have a 50% 

chance to fail before 1,000 cycles. However, the differences in 

the prediction interval are very pronounced. The model with the 

stationary variance is overly conservative and leads to a 95% 

prediction interval ranging from 300 to 30,000 cycles. On the 

other hand, the model with the non-stationary variance points to 

300 to 3,000 cycles. This can help setting the experimental 

campaign up such that: 

 The number of coupons is decided on the probability 

that failure will happen before a number of cycles. 

High probabilities can be observed with less coupons. 

Low probabilities require more coupons. 

 The number of cycles before tagging a sample as a 

runout can be decided on the basis of a tail probability. 

For example, only 2.5% of samples should fail above 

the 97.5th percentile of fatigue life. 

Interestingly, by comparing Figure 2-(c) and Figure 3-(c), 

we can see the effect that few data points have in the variance 

models. Apparently, very little changed on the stationary 

variance model (which is an undesired characteristic). On the 

other hand, Figure 3-(c) shows that the few data points at high 

strain range levels make the non-stationary variance model 

overestimate the variance at high 𝑁𝑓 (actually comparing Figure 

2-(c) and Figure 3-(c), we can say this happens even at low 𝑁𝑓). 

For the sake of this example, assume that an extra 15 new 

coupon tests are to be added to the initial set of 10 data points. 

There is a number of ways to specify how to run these new 15 

coupon tests. One way is to keep decreasing the strain range and 

track the convergence of the model. This minimizes the 

occurrence of runouts (as strain range is initially still high and by 

the time that runouts are observed, the model might have 

converged due to large enough number of observations)4. Table 

4 shows the 95% intervals for the updated posterior distribution 

of the Coffin-Manson parameters, given that 15 new coupon data 

tests were added in the range of 0.003 ≤ 𝜖𝑎 ≤ 0.007. The 

distribution remains heavily tailed and it is still different than the 

one shown in Table 2.  Again, with no surprise, the medians of 

the calibration parameters are still far from the point estimator 

returned by ordinary least squares. 

 

 

 

 

 

 

 

 

                                                           
3 Keep in mind that both models were expected to return high uncertainty 

levels for low strain range since training data covered only 𝜖𝑎 ≥ 0.007. 

Table 4. 95% intervals for the posterior distribution of the 

Coffin-Manson parameters when model is updated with 

data in which 𝝐𝒂 ≥ 𝟎. 𝟎𝟎𝟕 and additional 15 new coupon 

tests 𝟎. 𝟎𝟎𝟑 ≤ 𝝐𝒂 ≤ 𝟎. 𝟎𝟎𝟕. The ordinary least squares 

estimates obtained with the full data set are: 𝝈𝒇 = 𝟏. 𝟖𝟕𝟓, 

𝒃 = −𝟎. 𝟐𝟏𝟎, 𝜺′𝒇 = 𝟏. 𝟑𝟒𝟐 and 𝒄 = −𝟎. 𝟖𝟗𝟕. 

Coffin-Mason model with stationary variance 

Parameter 2.5th prctl 50th prctl 97.5th prctl 

𝜎𝑓 1,046 2,124 2,969 

𝑏 -0.344 -0.278 -0.177 

𝜖′𝑓 0.803 1.089 1.466 

𝑐 -0.897 -0.847 -0.802 

𝜆1 1.614 x 10−6 1.789 x 10−6 1.842 x 10−6 

Coffin-Mason model with non-stationary variance 

Parameter 2.5th prctl 50th prctl 97.5th prctl 

𝜎𝑓 1,023 1,781 2,851 

𝑏 -0.349 -0.279 -0.204 

𝜖′𝑓 0.768 1.105 1.667 

𝑐 -0.896 -0.843 -0.804 

𝜆2 1.060 x 10−5 1.061 x 10−5 1.850 x 10−5 

 

Nonetheless, examining the estimated strain amplitude 

versus fatigue life is even more interesting than the intervals for 

the Coffin-Manson parameters. Here, it might be worth looking 

at Figure 4 (25 data points) and compare it with Figure 3 (initial 

10 data points) and Figure 2 (full data set). Visual comparison 

across these three figures points to convergence with regards to 

modeling fatigue life at the low strain range levels. Figure 4-(a) 

and (c) show that while the median estimates of Coffin-Mason 

model start to converge, the stationary variance still poorly 

performs in characterizing prediction intervals at low strain 

range levels. On the other hand, Figure 4-(b) and (c) shows that 

the non-stationary variance model is converging, even at low 

strain range levels (without any observed data). This insensitivity 

of the stationary variance and convergence of the non-stationary 

variance models is even easier to notice when we visually 

compare Figure 2-(c), Figure 3-(c), and Figure 4-(c). 

Overall, even though uncertainty is still high when 

compared to the results obtained with the full data set. This 

procedure can be repeated once again, and convergence in terms 

of posterior distribution of Coffin-Manson parameters as well as 

posterior confidence and prediction intervals can be used to 

define when to stop performing new coupon tests. 

 

4 Another approach is to spread the points between a lower and an upper 
strain range, collect the data and check for convergence in terms of confidence 

and prediction intervals. 
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(a) Coffin-Mason model with stationary variance. 

 
(b) Coffin-Mason model with non-stationary variance. 

 
(c) Median of variance models against data. 

Figure 4. Posterior confidence and prediction intervals for 

strain amplitude versus fatigue life when model is updated 

with data in which 𝝐𝒂 ≥ 𝟎. 𝟎𝟎𝟕 and additional 15 new 

coupon tests, 𝟎. 𝟎𝟎𝟑 ≤ 𝝐𝒂 ≤ 𝟎. 𝟎𝟎𝟕. The confidence interval 

(CI) only accounts for the Coffin-Manson parameters, while 

the prediction interval (PI) also accounts for the 

observation error. 

 

5. FINAL REMARKS AND FUTURE WORK 
In this contribution, we proposed a Bayesian framework for 

calibration of Coffin-Manson parameters as well as estimation of 

confidence and prediction interval in strain versus fatigue life 

curves. We used a set of previously avaiable Inconel 617 coupon 

test data to study: 

 Uncertainty quantification (i.e., model calibration) and 

propagation (strain-life uncertainty intervals) under two 

distinct variance models. 

 Model update through sequential sampling (effects of 

new coupon tests in uncertainty quantification and 

propagation) 

 

The results obtained so far are promising. However, we would 

like to extend the study and answer among other questions: 

 Given a number of coupon tests, what is the 

configuration in terms of strain range that would lead to 

most model improvements? 

 Is there a limit for reduction of prediction intervals? 

 Are some of these uncertainties “transferable” to within 

same family of alloys? 
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