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Load stiffening ability in the flight load direction and complaint nature in the opposite 

direction are important structural behaviors of the bendable unmanned air vehicle (UAV) 

wing, developed at the University of Florida. The complaint nature of the wing enables UAV 

storage inside smaller packing volumes. The present paper discusses deterministic and 

probabilistic design optimization of a bendable wing having 24 inch span and 7 inch root 

chord. In deterministic optimization, the wing shape definition parameters and the layup 

scheme used to manufacture the wing are treated as design variables. Aerodynamic and 

structural performances of the wing are studied to determine wing aerodynamic efficiency 

and a maximum flying velocity that the wing can withstand without buckling or failing 

under flight loads. The Tsai-Wu criterion is used to check failure of the wing due to rolling 

stresses to determine minimum safe storage diameter. Multidisciplinary (aerodynamics and 

structural) shape and layup optimization is performed using an elitist non-dominated sorting 

genetic algorithm: NSGA-II. Simultaneous maximization of wing aerodynamic efficiency 

and maximum flying velocity a wing can withstand without in-flight buckling are used as 

two design objectives. The design points on the deterministic Pareto optimal front achieved 

are compared with a baseline design to observe some designs with improved performance. A 

mixed approach is tried during probabilistic optimization. The design variable and random 

parameter uncertainties are included explicitly and a modeling uncertainty is included 

through a factor (similar to factor of safety). We found that when uncertainties in modeling, 

design variables and random parameters are taken into account, deterministic optimization 

designs show high probability of failure. In the probabilistic design optimization a single 

constraint of satisfying target probability of failure is used. To reduce computational cost, 

we use surrogate models for objectives and constraints. After several surrogates were 

evaluated for each of the objectives and the constraints, the best surrogates based on cross 

validation or RMSE were selected for the probabilistic optimization work. Finally, the effect 

of the target probability of failure on the Pareto front was studied. It was observed that as 

the target probability of failure becomes stringent, all of the Pareto front designs use almost 

the same leading edge curvature indicating the original storage diameter constraint drives 

the designs when higher reliability is desired. By relaxing the target probability of failure, 

stiffer wings can be obtained. Some designs with acceptable probability of failure are 

identified which have higher aerodynamic efficiency than a baseline wing having higher 

probability of failure. 

Nomenclature 

α = angle of attack 

αtwist = wing geometric twist angle, measured positive when tip is rotated up with respect to the root 

Λ = wing sweep angle, measured positive backwards 

θ1, θ2, θ3 = layup angles of composite layers 

λ = wing taper ratio 

AVL  = Athena Vortex Lattice 
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CL  = coefficient of lift  

Dmin = minimum safe storage diameter 

DOE = design of experiments 

f, g = generic functions 

Kn = static stability margin 

KRG0 = Kriging surrogate with regression model being 0th order polynomial 
KRG1 = Kriging surrogate with regression model being 1st order polynomial 

KRG2 = Kriging surrogate with regression model being 2nd order polynomial 

LE = leading edge 

L/D  = lift-to-drag ratio 

LHS = Latin hypercube sampling 

MAV = Micro Air Vehicle 

Pf = probability of failure 

Pft =  target probability of failure 

PRESSRMS = prediction sum of squares RMSE estimate 

PRS2 = quadratic polynomial response surface 

RBNN = radial basis neural network surrogate 

RMSE = root mean square error 
SF = factor of safety 

SVR = support vector regression surrogate 

TE = trailing edge 

Vbuckle = maximum flight velocity wing can withstand without in-flight buckling 

Vcruise = flight velocity required to carry payload at α = 6 

UAV = Unmanned Air Vehicle 

Xac  = aerodynamic center of the wing  

Xcg  = center of gravity of air vehicle 

x1 = chord normalized maximum camber location 

x2 = chord normalized maximum reflex location 

z1 = chord normalized maximum camber 
z2 = chord normalized maximum reflex 

I. Introduction 

Over the past decade, demand for smaller and efficient unmanned air vehicles has driven researchers to exploit 
bounds of imagination, materials and wing shapes. Research on unmanned air vehicle (UAV) wing platforms has 

explored designs that can be stored in smaller packing volumes1,2, becomes flight ready immediately upon 

deployment from storage container and has the ability to withstand aggressive flight loads (e.g. during pull-up 

maneuvers) on a varied flight regime. Similar objectives led to the development of a bendable UAV wing at the 

University of Florida (UF). The UF team has a US patent on the bendable wing concept3 that shows an ability to 

load stiffen in the normal flight load direction, still remaining compliant in the opposite direction, enabling UAV 

storage inside smaller packing volumes. Bendable wings are constructed from bi-directional plain weave 

graphite/epoxy composite shells that can be rolled around the fuselage of the vehicle, as seen in Figure 1. Wings 

may use flexible membranes as a part of the wing structure4, topology of which may result in load alleviating 

wings5, good from gust alleviation point of view or load augmenting wings, good from static stability viewpoint. 

The bendable wing concept have been demonstrated on vehicles that range in size from 6 to 36 inch wingspans and 

are capable of being packed within volumes of 3 - 300 cubic inch6, 7. Such MAV/ UAV configuration is desirable for 
a number of potential applications. These vehicles can be stored in a canister within the platform of a manned 

vehicle or a larger UAV. Vehicles have also been constructed with a bendable wing in order to fit into the cargo 

pocket of a soldier‟s battle dress uniform, providing reduced storage space and easy access to over-the-hill 

surveillance capabilities. 

The bendable wing concept has conflicting design requirements. When the wing shape is treated as a design 

variable; desired compliant nature for ease of packing, structural stability under flight loads and high aerodynamic 

efficiency, in general, work against each other. This necessitates a multi-disciplinary, multi-objective optimization 

procedure8. As discussed in the previous work by Jagdale et al.
9
, from a structural standpoint, the composite wing 

must be able to withstand being bent or rolled into the desired storage radius10, (see Figure 1), without failing due to 
rolling/folding induced stresses11. Conversely, the wing must be strong enough to handle an aggressive flight load, 
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experienced during aggressive flight regimes, for example during pull-up maneuvers, without buckling; causing the 

vehicle to become uncontrollable, possibly leading to a crash. While these may seem two conflicting design 

requirements, the camber built into the wing provides a dissimilar stiffness in these two directions. The addition of 

quarter chord aft sweep is also found to help in increasing wings load carrying capacity, as experimentally 

demonstrated in previous work by Jagdale et al.
12

 When flight load is applied to the wing, the leading edge of the 

wing root actually deflects downward, increasing the centerline camber and the wing‟s moment of inertia at the root. 
This results in a load stiffened, stable wing structure which becomes stiffer as the flight load is increased. Such a 

wing geometry is not thought to significantly remove the wing‟s ability to roll into a canister, though does induce 

chord-wise strains in the wing as the airfoil camber flattens out7.  

 

Figure 1.  The Pocket MAV (left) is an example of a bendable wing aircraft that fits into a parallelepiped 

container (inset). UF’s 2006 international micro air vehicle competition (IMAVC) endurance MAV (right): 

flight-ready wing (top) and folded for storage (bottom) 

From aerodynamic considerations, the wing must be able to produce enough lift to balance the weight of the 

UAV, and the tailless vehicle (flying wing) configuration must be able to achieve longitudinal static stability in 

forward flight. Higher aerodynamic efficiency (L/D ratio) wings are desired as such wings will have higher 

endurance under similar payload configuration and battery power. Stiff wings can withstand higher aggressive flight 

loads while carrying the same amount of payload or can carry higher payload while flying at the same velocity as a 
other lesser stiff wing. Wing sweep may reduce aerodynamic efficiency of the wing13, and may increase the final 

packing volume of the aircraft. The various balancing acts that will govern the design of a bendable UAV wing then 

become evident: compliant wings are preferred in order to fold the wing into a canister (whose diameter 

geometrically limits the wing span and the fuselage size), but stiff wings are needed to withstand aggressive flight 

loads. The wing sweep helps in the latter performance metric, though it will increase drag and decrease the 

aerodynamic efficiency through glide performance, fuel consumption, etc.  

Our design optimization strategy involves both deterministic and probabilistic optimization. We performed 

deterministic optimization to understand how the aerodynamic and structural performance requirements interact 

with each other to derive wing designs and how constraints play their role in the design process9. The effect of 

uncertainty in the design variables (wing shape parameters and the composite layup) and random design parameters 

(lamina thickness, material stiffness and strengths) on the performance metrics and the constraints is of interest. 
These uncertainties can be quantified relatively easily. There are also uncertainties related to modeling and analysis 

techniques, quantification of which involves experimentation and/or experience. In present study we tried a mixed 

approach. Design variable and random parameter uncertainties are included explicitly, whereas modeling 

uncertainty of finding out minimum safe storage diameter is considered by keeping factor of safety in laminate 

failure calculations. When all these uncertainty sources are considered, the deterministically optimized wing shapes 

may result in high probability of failure designs and the design variables (mean values) need to be adjusted so as to 

obtain wing designs with acceptable failure rate.  

In probabilistic optimization, to alleviate the computational burden we use surrogate models for the objectives 

and constraints. Xueyong Qu et al.14 used reliability based optimization with constraint on probability of failure for 

optimization of composite laminate for cryogenic environment. Use of multiple surrogate for optimization have been 

reported in literature15,16, which involves fitting multiple surrogates and performing optimization multiple times with 

multiple surrogates15. Use of weighted average surrogate17,18 is also reported in literature in which the weights 
associated with each surrogate model are determined based on the global cross-validation error measure (PRESS), 
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but this does not always guarantee better results19. In our study, instead of a single surrogate per objective and 

constraints, we tried multiple surrogates (including kriging20,21, polynomial response surface22,23, radial basis neural 

network24,25 and  support vector regression26) and picked one based either on cross validation27,19 or RMSE (based 

on test points).  

The remaining of the paper is organized as follows. Section II discusses deterministic optimization where 

surrogates are not utilized. Actual simulations are used for design optimization and probability of failure is estimated 
for some of the Pareto front designs using Monte Carlo Simulation. Section III discusses probabilistic problem 

formulation and response surface modeling. The effect of using different target probability of failure on Pareto front 

designs is studied. Finally, section IV closes the paper recapitulating salient points and concluding remarks. 

II. Deterministic Design Optimization of a Bendable Wing 

The present work builds on and extends the earlier deterministic bendable wing conceptual design and 

optimization study performed by Jagdale et al.9, 28, and the wing modeling and analysis method details can be found 

in the same. In the following paragraphs some of the information is repeated for clarity and the calculation of 

probability of failure (Pf) due to uncertainty in design variables and random parameters is explained.  

A. Design Variables 
In the deterministic optimization study, wing airfoil shape, wing taper ratio, wing geometric twist angle, and 

wing quarter chord sweep angle are considered as design variables, as well as the lay-up scheme of the composite 

bendable wing. The airfoil at the root of the wing is completely defined by four variables (the camber towards the 

leading edge z1, the chord-wise position of this control point x1, and similar information for the camber towards the 

trailing edge, z2 and x2).  These variables are defined to be the chord normalized values.  A combination of 3 curves 

is used to define the airfoil shape. A quadratic curve from the leading edge to the maximum camber point (curve 1 in 

Figure 2, left), a 5th order polynomial in the middle (curve 2) and another quadratic curve from reflex point to the 

trailing edge (curve 3), can completely and uniquely define root airfoil shape.  Curvature continuity is ensured 

between these 3 curves.  For a constant camber wing design the tip airfoil geometry is the same as the root airfoil, 

while for a variable camber wing design the tip airfoil is defined independent of the root airfoil.  Wing chord and 

span are fixed for the current work, and thus three variables control the remainder of the wing shape: taper ratio λ, 
wing twist αtwist, and the wing sweep Λ.  All the metrics are interpolated between the root and the tip to obtain a kink 

free wing shape, as can be graphically seen in Figure 2, right.   

 

Figure 2.  Wing root airfoil control variables (left), wing shape control variables (right) (refer to Table 1) 

The remaining variables constitute the layup schedule of the graphite/epoxy wing.  Between one and three 

layers of bi-directional plain weave laminates are permissible, with fiber orientations θ1 to θ3, specified with respect 

to the spanwise direction. In the case of a single layer laminate, for example, θ2 to θ3 can be set to null values.  Such 

an action is easily accommodated by the genetic algorithm used in the work.  Each layer extends uniformly 

throughout the semi-wing. Due to manufacturing constraints (plain weave bi-directional nature of prepreg used in 
the manufacturing) and to ensure symmetric deformation of the two wing halves under aerodynamic loading, only 

±45° or 0/90 layup orientations are allowed.  

B. Wing Modeling 

While both aerodynamic and structural metrics are included in the wing design, the analyses are not explicitly 

coupled in an aeroelastic sense29: stable deflections of the wing due to air loads are assumed to be small, since large 
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ones will lead to buckling failure. Aerodynamic performance of the wing is studied using an extended vortex lattice 

method based Athena Vortex Lattice (AVL) program30.  Aerodynamic analysis computes the pressure distribution 

over the wing, as well as the concomitant lift, lift-to-drag ratio (L/D) and the static stability margin. An arc length 

method based nonlinear FEA routine in ABAQUS31 is used to evaluate the structural performance of the wing and to 

determine maximum flying velocity (Vbuckle) that the wing can withstand without buckling or failing (laminate 

failure with factor of safety = 1.5) under aggressive flight loads. Experimental validation of the numerical procedure 
used for determining maximum flying velocity (Vbuckle) has been carried out and can be found elsewhere.9, 32 An 

analytical approach based on classical laminate plate theory and strain superposition (initial chord-wise strains due 

to root airfoil flattening and additional spanwise strains due to incremental rolling) is used to study the stresses 

developed in the composite wing during the rolling process for storage and a Tsai-Wu criterion33 with a safety factor 

of 1.5 is used to check first ply failure of the composite wing to determine minimum safe storage diameter (Dmin). 

Taking advantage of problem symmetry, we model only one wing half, with the appropriate symmetric boundary 

conditions at the root airfoil.  

C. Deterministic Bendable Wing Design Optimization Studies 

Multidisciplinary wing shape and layup optimization is performed using an elitist non-dominated sorting 

genetic algorithm: NSGA-II34. This design study is automated by running analysis programs within the MATLAB® 

environment using a code developed in-house. Simultaneously maximizing aerodynamic efficiency (L/D ratio) and 

maximum flying velocity a wing can withstand without in-flight buckling are chosen as two design objectives. 
NSGA-II ranks designs, not based explicitly upon aerodynamic or structural performance (f1(X) and f2(X) stated 

below) but by non-domination.  Without additional information about desired wing performance requirements, no 

single design can be said to be better than the other design on the Pareto optimal front. The Pareto optimal front 

giving tradeoff between these two objectives is studied for various problem formulations based on the bendable 

UAV wing mission requirements, as detailed below: 

Constant camber wing design where the design variables are X = (z1, x1, z2, x2, λ, αtwist, Λ, θ1, θ2, θ3), and the 

design optimization problem is formally given as: 

Maximize f1(X) = L/D      and      Maximize f2(X) = Vbuckle 

such that: 

Cruising speed, Vcruise ≤ 20 m/s 

Coefficient of lift, CL > 0 
Static stability margin, Kn ≥ 10%   (Kn = [Xac – Xcg ] / Xcg) 

Rolled diameter at first ply failure, Dmin < 0.1143 meters   (4.5 inch) 

L ≤ X ≤ U 

The first constraint reflects the fact that cruising speed of the vehicle of this size should be within operable 

limits of a remotely controlling pilot, while the second constraint is added because the airfoil formulation seen in 

Figure 2 can easily provide a wing with negative lift at the candidate angle of attack of 6°.  The third constraint 

ensures the static stability of the wing, while the fourth allows the wing to roll into the desired packing diameter 

without laminate failure.  The side constraints are given in Table 1. 

Table 1.  Side constraints for the design variables (see Figure 2) 

Variable 
Root Airfoil (chord normalized) Planform Layup orientations* 

z1 x1 z2 x2 λ αtwist Λ θ1 θ2 θ3 

Lower Bound  1 % 15% -10% 65% 0.5 -10° 0° ±45° ±45° ±45° 

Upper Bound 10% 35% 0 % 85% 1 0° 30° 0/90° 0/90° 0/90° 

* Due to plain weave bi-directional nature of prepreg used in the manufacturing and to ensure symmetric deformation of the 

two wing halves under aerodynamic loading, only ±45° or 0/90 layup orientations are allowed. 

D. Long term storage creep considerations 

Depending on the mission mode, the application conditions of a UAV may require storage of the bendable wing 

along with the UAV at the elevated temperatures for extended periods of time before being deployed in the field.  

The viscoelastic nature of the material of construction (carbon/epoxy composite), combined with the extended 

storage at a range of elevated temperatures may give rise to wing creep deformations.  A previous experimental long 
term storage creep study35 on a representative bendable wing indicated a major portion of the creep deformations 

arising from incomplete recovery of the initial wing geometric twist.  Fixing the wing twist angle to zero is thought 
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to help in reducing long term storage creep deformations.  Additional optimization studies are performed by fixing 

twist angle (αtwist) to zero. 

E. Pareto optimal front results 

Figure 3 below shows the Pareto optimal fronts comparison for wing optimization results where twist angle is 

considered as variable (red stars) as well as when the twist angle is fixed at zero (blue plus). Pareto optimal points 

marked as E, D, C, B and A shown in Figure 3 left are used in the probability of failure calculations discussed in the 
next section. Figure 3 right is used in the following discussion. 

 

Figure 3.  Pareto optimal fronts: Twist angle as a variable (red star) and when twist angle = 0 (blue plus). 

Fixing twist = 0 reduces Vbuckle and increases L/D ratio (right figure) 

 Table 2 details values of design variables and objective functions for the design points 1 through 8 as marked on 

the Pareto optimal fronts in Figure 3 right, as well as a baseline wing design (a wing currently used on some of the 

UAVs at University of Florida).  All of the designs on both the Pareto optimal fronts have higher stiffness that the 

baseline wing and can withstand higher aggressive flight loads (Table 2, Vbuckle values) while carrying the same 

amount of payload or can carry higher payload while flying at the same velocity as the baseline wing. Designs 3 

through 8 have higher L/D ratio that the baseline wing design, thus will have higher endurance than the baseline 

wing, under similar payload configuration and battery power. One and two layer layups are found to be feasible, 

while three layer layups were found to fail during the rolling process before reaching 4.5 inch diameter. The single 

layer laminate layups were found to buckle at low flight loads, while two layer wing layups of 0/90 orientation are  
found to exhibit higher strains leading to material failure when rolled into a diameter of 4.5 inches. Hence all the 

wing designs on both the Pareto fronts are found to use 2 layers of ±45° layup.  

Table 2.  Design variable and objective function values for the Pareto design points noted in Figure 3 

Design  Root airfoil (chord normalized) Taper ratio Twist Sweep L/D Vbuckle 

point z1 x1 z2 x2 λ αtwist (°) Λ (°) (m/s) 

Baseline wing 6% 25% -1% 75% 0.5 0 15 6.39 29.1 

1 7% 20% -0.5% 80% 0.6 -7 30 5.05 74.3 

1' 7% 20% -0.5% 80% 0.6 0 30 6.55 59.1 

2 7% 20% -1% 65% 0.5 -3 30 5.74 67 

2' 7% 20% -1% 65% 0.5 0 30 6.37 61.5 

3 7% 20% 0% 70% 0.5 -3 30 6.65 64.1 

4 8.5% 25% -1% 85% 0.5 0 18 6.66 60.3 

5 10% 25% -1% 80% 0.5 0 18 6.97 60.1 

6 10% 35% 0% 85% 0.5 0 30 7.81 43.3 

7 10% 35% 0% 85% 0.5 0 18 7.89 43.6 

8 10% 35% 0% 85% 0.5 0 12 7.89 39 

E 
D 

C 

B 

A 
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Effect of fixing the twist angle to zero can be demonstrated by considering the design pairs 1, 1‟ and 2, 2‟. As 

shown in Figure 3 right and Table 2, when we remove the negative twist angle the L/D ratio of design points 1 and 2 

improves whereas their maximum load carrying capacity reduces. Further structural analysis in ABAQUS indicates 

that flight loads have to undo the twist angle before complete structural buckling of the wing can occur in the flight 

load direction, thus contributing to stiffness. From an aerodynamic point of view, addition of a negative twist angle 

for a wing flying at same angle of attack reduces wing CL, in result reducing wing L/D ratio. Fixing twist angle to 
zero thus helps in improving the L/D ratio for the wing designs 1 and 2.  

For both the Pareto front, in general, high L/D designs use high camber located aftward (10% camber at 35% 

chord) and the buckling velocity increases as the sweepback angle increases. Whereas, the high Vbuckle designs have 

moderate camber located towards the leading edge (high curvature towards leading edge) and the reflex causes loss 

in aerodynamic efficiency. For both the Pareto fronts, improvement in the Vbuckle is limited by the leading edge 

curvature, which in turn is limited by the storage diameter constraint (currently set at < 4.5 inch). Thus by relaxing 

storage diameter constraint, we might be able to achieve stiffer wing designs. 

F. Probability of failure (Pf) calculation 

Three sources of uncertainties are considered in the study; uncertainties from the random design variables, from 

the random parameters (which are not design variables) and the modeling uncertainty. Uncertainties from random 

variables and random parameters are included explicitly in the study, while modeling uncertainty in the minimum 

safe storage diameter calculation is considered by incorporating a factor of safety in calculation process. 
The bendable wing shape variables and manufacturing layup orientations have uncertainty associated with them 

arising from systematic as well as random sources. This uncertainty when propagated to constraints will make 

current feasible deterministic designs fail (violate constraints). Table 3 details uncertainty in design variables 

considered for present study. The wing shape parameters will be affected by the manufacturing tooling accuracy as 

well as the spring-back (more correctly spring-in) of thin composite shells36. Since spring-in is shown to be related 

to initial bend in the composite structures37, the uncertainty in the root airfoil definition parameters is considered to 

be proportional to their set values (mean values). The geometric twist angle being defined as the angle tip chord line 

makes with the root airfoil chord line, equal proportional amount of spring-in of both the cross sections is assumed 

to result in almost no change in twist angle. Thus it can be treated as a deterministic variable. The taper ratio and the 

sweep angle are also considered as deterministic variables for present study. Since the wings are manufactured using 

hand prepreg layup and curing under vacuum bagging, the layup orientation is susceptible to human error as well as 
shift during vacuum bagging application and associated uncertainty is considered in the study.  

Table 3.  Uncertainty in random design variables 

Variable 
Root Airfoil Planform Layup orientations 

z1 x1 z2 x2 λ αtwist Λ θ1 θ2 θ3 

Uncertainty (± 3σ) ±10 % of set value - ±5° 

Distribution Normal distribution - Normal distribution 

 
Random Deterministic Random 

 
Lamina thickness, material stiffness and strength parameters also have uncertainty associated with them due to 

manufacturing as well as underlying testing process and representative uncertainty values for them are considered in 

the present study (Table 4). 

Table 4.  Uncertainty in random parameters 

Parameter 

Material Properties Lamina 

thickness 

(mm) 

Material Strength Values (MPa) 

E1 

(GPa) 

E2 

(GPa) ν12 

G12 

(GPa) F1t F1c F2t F2c F6 

Mean value 34.80 34.80 0.05 2.34 0.254 648 675 627 641 82 

Uncertainty (± 3σ) ±10 % ±20 % 

Distribution Normal distribution Normal distribution 

  

By observing the Pareto front designs it is found that the storage diameter constraint is active. As discussed 

earlier, improvement in Vbuckle is limited by the leading edge curvature, which in turn is limited by storage diameter 

constraint. For calculating rolling diameter at first ply failure, a classical laminate plate theory and a strain 

superposition based approach is used. This approach has an error associated with it. Treating it as unknown, this 
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modeling uncertainty is included in the study through a factor of safety of 1.5 (hence keeping the calculations for 

storage diameter same as in the deterministic optimization). This uncertainty is termed as „storage modeling 

uncertainty‟ for rest of the discussion.   

To check the effect of the uncertainty on the Pareto optimal design points E, D, C, B and A, marked in Figure 3 

left, probability of failure (Pf) is calculated for each of the design. Design of experiments (DOE) is performed at 

each of the five points using Monte Carlo Simulation with 1000 Latin Hypercube Sampling (LHS) points. Although 
1000 points is a moderate number for probability of failure calculation, it is expected to give indicative values. 

Violation of any of the constraints is considered as a failure. Table 5 shows current probability of failure for the 

Pareto front design points with and without considering storage modeling uncertainty. Probability of failure without 

considering storage modeling uncertainty is estimated using results of Pf which consider storage modeling 

uncertainty. The storage diameter constraint boundary is moved corresponding to a factor of 1.5 and then by 

considering how many standard deviations far the mean value of the calculated storage diameter is from the moved 

constraint boundary.  

As can be noted from Table 5, current probability of failure for the Pareto optimal design points, when all 

sources of uncertainties are considered in the design process, is quite high. Pf distribution does not seem to follow 

any particular trend across the Pareto front (5 points is thought to be insufficient data to conclude anything). By 

observing estimated Pf values, it can be concluded that while considering random variable and random parameter 

uncertainties alone, the current deterministically optimized designs have lower failure rate. After adding storage 
modeling uncertainty the failure rate becomes unacceptable. Our desire is to find out optimal designs that satisfy 

certain target probability of failure requirement while including all the uncertainty sources and thus perform 

probabilistic design optimization of the bendable wing. 

Table 5.  Current probability of failure for Pareto optimal designs  

Pareto front design point 

(with twist angle as a 

variable)  

Pf (including random design 

variable, random parameter and  

storage modeling uncertainty) 

Estimated Pf (only random variable 

and random parameter 

uncertainties) 

E 0.57 1.93 X 10-5 

D 0.63 9.6 X 10-5 

C 0.62 5.5 X 10-5 

B 0.68 1.7 X 10-3 

A 0.46 1.11 X 10-6 

By considering uncertainty in random variable and random parameters alone the uncertainty (± 3σ) in Vbuckle 

predictions for these 5 Pareto design points is found to be on average ±30%, whereas for L/D ratio it is ±1%. 

III. Probabilistic Design Optimization of a Bendable Wing 

A. Design space reduction and probabilistic optimization problem formulation 
By observing Pareto optimal designs achieved during deterministic optimization work, it is possible to tighten 

the box constraints for z1 and z2. Due to long term storage creep considerations, as detailed earlier, the geometric 

twist angle is fixed at zero. All of the Pareto optimal designs are also observed to use 2 layers of ±45° laminate 

layup orientation. During simulations single layer wing is found to be easy to buckle and a laminate with 3 layers 

was found to be too stiff to roll inside a canister without laminate failure due to rolling strains. 2 layers of 0/90 layup 

was also too stiff to roll. Thus wing manufacturing layup is fixed at [±45]s and to account for uncertainty in layup 

orientation it is treated as random parameter (total 12 random parameters). The revised design variables, their side 
constraints and associated uncertainties are detailed in Table 6. 

Table 6.  Probabilistic optimization: side constraints for the design parameters 

Variable 

Root Airfoil Planform 

z1 x1 z2 x2 λ Λ 

Lower bound 4% 15% -3% 65% 0.5 0° 

Upper bound 10% 35% 0% 85% 1 30° 

Uncertainty (± 3σ) ±10 % - 

Distribution Normal distribution - 

 
Random Deterministic 
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The design variables are thus X = (z1, x1, z2, x2, λ, Λ), and all of the deterministic constraints are combined in 

one constraint of limiting probability of failure, where we want to achieve a certain target probability of failure (Pft) 

for each of the Pareto optimal front designs. Violation of any of the constraints detailed in section II-C above is 

treated as failure in the study. 

To perform optimization under uncertainty, probabilistic optimization problem is formulated as below : 

Maximize f1(X) = L/D  and  Maximize f2(X) = Vbuckle ,   
such that : 

Pf ≤ Pft  (= 0.01) 

L ≤ X ≤ U 

B. Response surface approximations for probabilistic design optimization 

The cost of evaluating designs is high in the case of snap through buckling analysis (Vbuckle) which involves 

ABAQUS procedure and the aerodynamic analysis using AVL. These are also limiting factors for the population 

size and the number of generations that are used during optimization using NSGA-II algorithm. Furthermore, it is 

desirable to have a large number of Monte Carlo Simulation points (~100,000) if we have to predict a probability of 

failure which is less than target probability of failure of 0.01 with acceptable confidence. ([σf/ Pf] ≈ 1/√1000 ≈ 
3.2%). Thus using direct analysis methods for objective and constraint evaluation becomes infeasible while 

performing probabilistic design optimization. Different types of response surface approximations are tried and the 

best performing surrogates are used for the optimization study.  

For fitting response surface to objectives: L/D ratio and Vbuckle , in terms of 6 design variables, a design of 

experiment of 300 points is used. The DOE is selected using „lhsdesign‟ function native to MATLAB®. The 
surrogates for objective functions are later tested using 100 test points and the best performing surrogate (statistical 

measure used is root mean square error, RMSE) is used in the optimization.  

A surrogate model is also developed for probability of failure estimation. Since probability of failure calculation 

demands high computation in terms of constraint evaluations, response surface approximations are also used to 

develop surrogates for constraints. Taking into account 6 design variables (4 random and 2 deterministic) and 12 

more random parameters (hence total 18 variables), a DOE of 700 points is used to find surrogate models for each of 

the constraints. The modeling uncertainty in minimum safe storage diameter analysis is included by using a factor of 

safety of 1.5 in the calculations. In DOE for constraints, the 6 design variables are selected using „lhsdesign‟ 

function, while 12 random parameters are selected following their normal distribution around their respective mean 

values. The statistical measure used to check quality of surrogates for the constraints is PRESSRMS 19. The best 

performing surrogate for each of the constraints is later used to find a response surface model for probability of 
failure. The Pf surrogate model is in terms of 6 original design variables and hence  a DOE of 300 points is used 

(same DOE as that for objectives) and at each of these 300 points, a second level DOE of 100,000 points (using 

MATLAB® native function „lhsnorm‟) is used to estimate probability of failure. Different surrogates and their 

corresponding PRESSRMS values and PRESSRMS (%) values (PRESSRMS % = PRESSRMS / range of estimated output) 

are detailed in Table 7. Even though PRS2 surrogate for Pf has marginally higher PRESSRMS, it is used in the 

optimization with the hope of using its better extrapolation predictive capability than the kriging surrogates. 

Design of a bendable wing under uncertainty is performed using an elitist non-dominated sorting genetic 

algorithm: NSGA-II34 used in the earlier deterministic optimization study. To get a richer Pareto optimal front a 

population size of 100 is used with number of generations being 1000. 

C. Pareto optimal front results 

Figure 4 shows the Pareto optimal fronts achieved with different levels of target probability of failure. The 

design variable values for the Pareto optimal front points marked on Figure 4 right are tabulated in Table 8.  
For Pft = 0.7, which is approximately probability of failure for the designs on the deterministic Pareto front, the 

design points on the probabilistic Pareto front follow the deterministic Pareto front trend. Higher buckling velocity 

designs (d1, d2) use high leading edge curvature (moderate to high leading edge camber located close to the leading 

edge) as well as high sweepback angle (which has been shown experimentally12 to help increase wing load stiffening 

ability). But the designs with high leading edge curvature are also very sensitive to the uncertainties in the design 

variables and material properties and are highly likely to fail (high Pf)  during the rolling process for storage inside a 

canister. Hence for stringent reliability constraint (lower Pft), Pareto front designs (1, a1) choose to use medium to 

shallow leading edge curvatures (moderate leading edge camber located aft-wards). Then wings become 

aerodynamically efficient (higher L/D ratio) by using designs with aft-wardly located zero reflex at trailing edge and 

lower sweepback angles (a4, d4).   
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Table 7.  Surrogate models with associated PRESSRMS and RMSE 

Surrogate for Surrogate PRESSRMS PRESSRMS (%) RMSE 

Objective  
functions 

L/D ratio 

KRG0 0.022 0.38 -- 

KRG1* 0.018 0.32 0.0095 

KRG2 0.018 0.32 0.0104 

PRS2 0.069 1.21 0.0494 

RBNN 0.958 16.7 -- 

SVR 0.584 10.2 -- 

Vbuckle (m/s) 

KRG0 7.3 12.5 6.65 

KRG1 7.08 12.12 5.51 

KRG2 7 11.98 5.32 

PRS2* 6.87 11.76 4.57 

Constraint  

parameters 

Vcruise (m/s) 
KRG0 0.341 1.75 

-- 

PRS2 2.699 13.8 

CL 
KRG0 0.005 1.22 

PRS2 0.093 20.8 

Kn 
KRG0 0.021 2.25 

PRS2 0.252 26.9 

Dmin (meters) 
KRG0 0.006 5.14 

PRS2 0.013 11 

Pf 

(Probability of 

Failure) 

KRG0 0.123 16.13 

KRG1 0.126 16.48 

KRG2 0.147 19.23 

PRS2** 0.171 22.35 

 
* Selected based on RMSE value based on 100 test points  

 
** Selected to provide better predictions during extrapolation  

 
Yellow marked surrogates are used for optimization 

 
 

 

We noticed that as the target probability of failure becomes stringent, Pareto optimal fronts are found to shrink 

in the range for Vbuckle and L/D ratio. All of the Pareto front designs (for Pft = 0.001, Pft = 0.01 and Pft = 0.1) use 

almost same leading edge curvature indicating the original storage diameter constraint driving designs when higher 

reliability is desired. 

 

 

Figure 4.  Pareto optimal fronts: Different levels of probability of failure constraint and Deterministic design 

with twist angle = 0 (blue plus)  
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Table 8.  Design variable and objective function values for the Pareto design points noted in Figure 4 

Design point z1 x1 z2 x2 λ Λ (°) L/D ratio 

f1(X) 

Vbuckle  

f2(X) (m/s) 

Pf 

Baseline wing 6% 25% -1% 75% 0.5 15 6.39 29.1 0.438 

1 5.25% 35% 0% 76.25% 0.6 30 6.97 27.3 0.004 

4 5.5% 35% 0% 83.75% 0.5 29 7.21 21.6 0.005 

a1 6% 33.75% -0.25% 76.25% 0.6 30 6.87 32.6 0.099 

a4 6.5% 35% 0% 85% 0.5 27 7.40 25.2 0.097 

b1 5% 35% 0% 75% 0.6 30 6.93 26.9 ~ 0 

b4 5.5% 35% 0% 83.75% 0.5 30 7.20 21.7 ~ 0 

c1 5.75% 16.25% -1.25% 68.75% 0.55 29 5.79 59.1 0.598 

d1 7% 18.75% -1.5% 67.5% 0.5 30 5.86 64.2 0.695 

d4 10% 35% 0% 85% 0.5 11 7.90 29.6 0.676 

d2 8% 20% -0.75% 71.25% 0.5 30 6.68 60.5 0.693 

t1 8.5% 25% -1% 85% 0.5 18 6.66 60.3 0.596 

t4 10% 35% 0% 85% 0.5 12 7.90 39.0 0.649 

 

Baseline wing, using 6% camber located at 25% chord, has higher leading edge curvature that designs on the Pft 

= 0.01 Pareto front (designs 1, 2), hence it can withstand higher flight loads. But baseline wing has higher 

probability of failure than probabilistic Pareto front designs. Pareto front designs for Pft = 0.001, Pft = 0.01 and Pft = 

0.1 are aerodynamically efficient than the baseline design. We get high load carrying capacity designs if we allow 

high probability of failure (Pft = 0.1 compared to Pft = 0.01). For improving Pareto front designs, reducing 

probability of failure and need for better quality control (reducing uncertainty bounds on random variables and 

random parameters) is emphasized by the results. 

IV. Conclusions 

Deterministic and probabilistic design optimization of a bendable wing having 24 inch span and 7 inch root 

chord is carried out. In deterministic optimization, the wing shape definition parameters and the layup scheme used 

to manufacture wing, are treated as design variables. Wing aerodynamics is studied using extended vortex lattice 
method based Athena Vortex Lattice (AVL) software. Maximum flight velocity that bendable load stiffening wing 

can withstand without in-flight buckling or material failure, is estimated by using an arc length method based 

nonlinear FEA routine in ABAQUS. A laminated plate theory based analytical approach is used to determine the 

minimum safe storage diameter. Deterministic multidisciplinary shape and layup optimization is performed using an 

elitist non-dominated sorting genetic algorithm: NSGA-II. The design points on the deterministic Pareto optimal 

front thus achieved are compared with a baseline design to observe some designs with improved performance. When 

uncertainties in modeling, design variables and random parameters are taken into account, deterministic 

optimization designs show high probability of failure. A mixed approach is tried during probabilistic optimization. 

The design variable and random parameter uncertainties are included explicitly and by treating modeling uncertainty 

in minimum safe storage diameter calculation as unknown, it is included through a factor of safety of 1.5. When the 

uncertainties in random design variables and random parameters alone are considered probability of failure was 

found to be lower. In the probabilistic optimization a single constraint is used where wing designs are desired to 
have probability of failure less than a target probability of failure. To reduce computational cost surrogate models 

are developed for objective functions and constraints. Design space is reduced by using results of deterministic 

optimization as well as some experimental creep studies. Surrogate model for the probability of failure is 

constructed based on the surrogates for the deterministic optimization constraints. Best surrogates based on 

PRESSRMS and RMSE are selected for probabilistic optimization work. Probabilistic design optimization is 

performed with a target probability of failure of 0.01. Effect of the target probability of failure on the Pareto optimal 

front is studied and some designs with acceptable probability of failure are identified. With increased demand on the 

reliability, the Pareto optimal fronts are found to shrink in the range for Vbuckle and L/D ratio. For Pft < 0.1, the 

individual Pareto front designs are found to use almost same leading edge curvature indicating the original storage 

diameter constraint driving designs when higher reliability is desired. When compared to a baseline wing design, the 

probability of failure constraint is found to limit the Vbuckle improvement. Additional probabilistic optimization trials 
can be conducted by trying combination of surrogates for the objectives to identify richer Pareto fronts at lower Pft 
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values. Minimum safe storage diameter modeling uncertainty is to be included explicitly. Manufacturing some 

selected wing designs and validating corresponding numerical predictions is also identified as a future work. 
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