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In surrogate-based optimization, each cycle consists of carrying out a number of 

simulations, fitting a surrogate, performing optimization based on the surrogate, and finally 

running exact simulation at the candidate solutions. Adaptive sampling algorithms that add 

one point per cycle are readily available. For example, the efficient global optimization 

(EGO) algorithm uses the kriging prediction and uncertainty estimate to guide the selection 

of the next sampling point. However, the addition of one point at a time may not be efficient 

when it is possible to run simulations in parallel. Additionally, the extension to include 

multiple points per cycle turns out to be either limited or computationally challenging.  We 

propose an algorithm for adding several points per optimization cycle based on 

approximated computation of the probability of improvement. We assume that the 

probabilities at different points of the design space are independent from each other. The 

approach was tested on three analytic examples. For these examples we compare our 

approach with traditional sequential optimization based on kriging. We found that indeed 

our approach was able to deliver better results in a fraction of the optimization cycles 

needed by the traditional kriging implementation. 

Nomenclature 

x   = vector of impute variables (point in the design space) 

( )y x   = actual response at x  

( )ŷ x   = kriging model of ( )y x  

( )2s x   = prediction variance of the kriging model at x  

( )E I 
 x   = expected improvement at x  

( )Pr I 
 x  = probability of improvement at x  

I. Introduction 

Savings in computational time popularize surrogate-based optimization in the engineering design community
1-7

. 

Instead of using expensive simulation codes directly, the optimization begins by fitting a surrogate (also known as 

metamodel or response surface approximation) to data from a number of simulations. In each cycle, the goal is to 

obtain a set of designs that are candidate solutions of the optimization.  Besides the prediction offered by surrogates, 

modern surrogate-based optimization strategies also use error estimates. For example, the efficient global 

optimization (EGO
8
) and the sequential kriging optimization (SKO

9
) algorithms use the kriging

10-12
 prediction and 

prediction variance to seek the point of maximum expected improvement as the next simulation for the optimization 

process. 

Traditional implementations of EGO-like algorithms add a single simulation per cycle. However, opportunities 

for parallel computing and the human effort associated with setting up complex simulations drive complex 

applications towards running as many simulations as possible per cycle. The fragility of many complex simulations 

(i.e., they can abort) also encourages cycles with large number of simulations, which are less sensitive to a few 

failed simulations. In addition, in many engineering applications, it may take weeks to complete simulations, and 
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only very few cycles are undertaken. Hence, there is a strong incentive to overcome the limitation of a adding a 

single data point per cycle. Research in this direction has extended the expected improvement to include multiple 

points
13-16

. However, the optimization of the design of experiments that will maximize the multiple-point expected 

improvement is computationally challenging
15

,
16

. In our previous research, we suggested using an ensemble of 

surrogates to provide multiple points
17, 18

. The approach has the drawback of linking the number of points with the 

number of surrogates.  

In this paper we pursue the alternative of selecting the multiple points by maximizing the probability of 

improvement (that is, the probability of being below a target value. When the points are well separated (as they 

should be in most cases), assuming that the probability of improvement at a point is independent of the probability 

of improvement at other points is a good approximation. This makes the estimation of the multi-point probability of 

improvement much cheaper than the multi-point expected improvement. The objective of the paper is to check how 

well this approach works on a few commonly used examples. 

The remainder of the paper is organized as follows. Section II presents an overview of the efficient global 

optimization algorithm and necessary background on the two optimization criteria for point selection. Section III 

shows how we approximate the probability of improvement. Section IV describes the numerical experiments 

conducted with a benchmark function. Section V shows the results and discussion. Finally, this abstract is closed by 

recapitulating salient points, concluding remarks. There is also one appendix describing box plots (a visualization 

tool used in our statistical analysis). 

II. Background: Optimizing the Expected Improvement and the Probability of Improvement 

We provide an overview of the efficient global optimization (EGO) algorithm by Jones et al.
8
. EGO starts by 

constructing a kriging surrogate interpolating the initial set of data points. Kriging models the unknown objective 

function ( )y x  as a realization of a Gaussian process ( )Y x . Kriging estimates ( )y x  as a combination of basis 

functions ( )if x  (e.g., a polynomial basis) and departures (representing low and high frequency variation 

components, respectively) by 

 ( ) ( ) ( )
1

ˆ  ,
m

i i
i

y f zβ

=

= +∑x x x  (1) 

where ( )z x  satisfies ( ) ( ) ( )
1

m

k k i i k
i

z y fβ

=

= −∑x x x  for all sample points ( )kx  and is assumed to be a 

realization of a stochastic process ( )Z x  with mean zero, process variance 2σ , and spatial covariance function 

given by 

 ( ) ( )( ) ( )2ˆcov , ,  ,i j i jZ Z Rσ=x x x x  (2) 

 ( ) ( )2 11
ˆ  ,

T

p
σ −= − −y Xb R y Xb  (3) 

where ( ),i jR x x  is the correlation between ( )iZ x  and ( )jZ x , y  is the value of the actual responses at the 

sampled points, X  is the Gramian design matrix constructed using the basis functions at the sampled points, R  is 

the matrix of correlations ( ),i jR x x  among function values at sample points, and b  is an approximation of the 

vector of coefficients iβ  of Eq. (1). See references 10 to 12 for details on the estimation of the kriging parameters. 

We can estimate the uncertainty in ( )ŷ x  using the kriging prediction variance (also known as mean squared 

error of the predictor) 
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 ( ) ( )
1

2 2 1 1ˆ 1  ,T T Ts σ
−

− − = + −   
x u X R X u r R r  (4) 

where 1T −= −u X R r f , r  is the vector of correlations between function values at the point x  and the design 

points, f  is the vector of basis functions at the point x . For more details about the kriging prediction variance, see 

references 10 to 12. 

Figure 1 illustrates both the prediction and the error estimates of kriging. Since the kriging model used here is an 

interpolator, the error vanishes at data points. 

 

 

Figure 1: Kriging model ( )K̂RGy x  of the function ( ) ( )
2

( ) 6 2 sin 12 4y x x x= − −  
19

 sampled at 

0 0.5 0.68 1
T =   

x . The uncertainty (whose amplitude is ( )2 s× x ) associated with ( )K̂RGy x  is shown 

in gray. 

After constructing the kriging model, the algorithm iteratively adds points to the data set in an effort to improve 

upon the present best sample PBSy . The improvement at a point x  is 

 ( )( ) max ( ), 0  ,PBSI y Y= −x x  (5) 

which is a random variable because ( )Y x  is a random variable (recollect that kriging models the response ( )y x  as 

a realization of a Gaussian process ( )Y x ). Thus, the expected improvement is 

 

( ) ( ) ( ) ( )

( ) ( )

 ,

ˆ  ,PBS

E I s u u u

u y y s

φ   = Φ +   

 = − 

x x

x x

 (6) 

where ( )Φ ⋅  and ( )φ ⋅  are the cumulative density function and probability density function of a normal distribution, 

and ( )s x  is the prediction standard deviation (here estimated as the square root of the prediction variance). 

Alternatively, we could iteratively add points to the data set in an effort to maximize the probability of 

improving upon a target value Ty . The probability of improving the present best solution beyond Ty  at a single 

point is
20

 

 ( )
( )

( )

ˆ
Pr Ty y

I
s

 −    = Φ    

x
x

x
 (7) 

After adding the new point to the existing data set, the kriging model is updated (usually without the costly 

update of the correlation parameters). Figure 2 illustrates cycles of the efficient global optimization (EGO) 

algorithm when driven by either the expect improvement or the probability of improvement. Figure 2-(a) shows the 

initial kriging model and the corresponding expected improvement. The maximization of ( )E I 
 x  suggests adding 

0.19x =  to the data set. Figure 2-(b) illustrates the same initial kriging model and the corresponding probability of 
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improvement considering a target 4.6Ty = −  (25%  below the present best sample). The maximization of 

( )Pr I 
 x  suggests including 0.63x =  to the data set. This cycle drives optimization towards exploitation of 

surrogate. However, if the target is changed to 5.5Ty = − , the maximization of ( )Pr I 
 x  would suggest 

0.21x = . This is an exploitation cycle. In the past, research has detected the difficulties in setting the target 

value
20-22

. 

 

   

(a) Maximization of the expected 

improvement. 

(b) Maximization of the probability of 

improvement with 4.6Ty = − . 

(b) Maximization of the probability of 

improvement with 5.5Ty = − . 

Figure 2: One cycle of the efficient global optimization (EGO) algorithm for two infill criteria. The 

maximization of the expected improvement suggests adding 0.19x =  to the data set. The point suggested by 

the maximization of the probability of improvement depends on the target Ty . For 4.6Ty = −  and 

5.5Ty = − , the suggested points are 0.63x =  and 0.21x = , respectively. 

III. Approximating the Multipoint Probability of Improvement 

When n  multiple prediction sites ( )pY  can be added, we are interested in the probability of having at least one 

of the prediction sites below the target Ty
21

 

 ( ) ( ) ( )Pr Pr at least 1 Prp p
i TI Y y     = < = − >       

x Y T  (8) 

where ( )pY  is the 1n ×  vector of the values of the function evaluated at the new prediction sites and T  is a 1n ×  

vector with all elements equal to Ty . 

We can compute the right hand side of Eq. (8) using algorithms for evaluating Gaussian cumulative probability 

distributions in high dimensions
23‡

. Nevertheless, our experience is that evaluating (8) becomes expensive enough to 

inhibit its use in optimization (particularly for large number of new prediction sites). On the other hand, if we 

assume that the multiple sites of ( )pY  are sufficiently far one from another so that the correlation between points 

can be neglected, we can approximate (8) by 

                                                           
‡
 When computing the probabilities with Eq. (8), we used the native MATLAB

24
 function mvncdf. For bivariate 

and trivariate distributions, mvncdf uses adaptive quadrature on a transformation of the t  density
25,26

 with 810−  

default absolute error tolerance. For four or more dimensions, mvncdf uses a quasi-Monte Carlo integration 

algorithm
27,28

 with 410−  default absolute error tolerance and maximum number of integrand evaluations of 710 . 
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 ( ) ( )( ) ( )

1

Pr Pr at least 1 1 Pr
n

p p
i T i T

i

I Y y Y y
=

     = < ≅ − − <        ∏x  (9) 

where 
( )Pr p
i TY y <  

 is the probability of improvement of the i-th  prediction site computed using (7). 

The computation of the approximated ( )Pr I 
 x  using (9) is substantially simpler and faster than (8) because (i) 

it does not require building complex covariance matrices needed in (8) (see reference 22
 
for details), and (ii) the 

integral required in (7) is readily available in a closed form (that is, it does not involve expensive numerical 

evaluation, such as via Monte Carlo integration for example).  

IV. Numerical Experiments 

A. Test Set 

Table 1 details the setup of the kriging model used during this investigation. The DACE toolbox of Lophaven et 

al.
29 

was used to run the kriging algorithm. The SURROGATES toolbox of Viana
30

 was used for easy manipulation 

of the surrogate and for running the EGO algorithm
§
. 

Table 1: Information about the kriging model used in the surrogate-based optimization study. 
Kriging component Setting 

Regression model (trend) Zero order polynomial regression model (constant trend function) 

 

Correlation model 
Gaussian correlation with 0.2iθ =  (with 1,2, , vi n= … ) used as initial guess in the optimization of the 

hyper-parameters. 

 

As test problems, we employed the two following analytical benchmark problems: 

• Sasena function
33

 (two variables, see Figure 3) 

 
( ) ( ) ( ) ( ) ( ) ( )

2 2 22
2 1 1 2 1 1 2

1 2

2 0.01 1 2 2 7 sin 0.5 sin 0.7  ,

0 5,  0 5 ;

y x x x x x x x

x x

= + − + − + − +

≤ ≤ ≤ ≤

x
 (10) 

• Hartman function
34

 (three and six variables, respectively) 

 

( ) ( )
4

2

1 1

exp  ,

0 1 , 1,  2,  ,  ,

1.0 1.2 3.0 3.2  .

ndv

i ij j ij
i j

j dv

y a B x D

x j n

= =

   = − − −   
≤ ≤ =

 =   

∑ ∑x

a

…  (11) 

                                                           
§
 The interested reader can certainly find other packages (e.g., those available at http://www.kernel-machines.org, 

http://www.support-vectormachines. org, http://www.sumo.intec.ugent.be, the free companion code of ref. 31, and 

the DiceKriging and DiceOptim packages
32

). 
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Figure 3: Illustration of the Sasena function. 

We use two instances:  Hartman3 with three variables and Hartman6 with six variables, with their parameters 

shown in Table 2. 

Table 2: Parameters used in Hartman functions. 
Function Parameters 

Hartman3 3.0 10.0 30.0

0.1 10.0 35.0

3.0 10.0 30.0

0.1 10.0 35.0

 
 
 
 

=  
 
 
 
 

B      

0.3689 0.1170 0.2673

0.4699 0.4387 0.7470

0.1091 0.8732 0.5547

0.03815 0.5743 0.8828

 
 
 
 

=  
 
 
 
 

D  

Hartman6 10.0 3.0 17.0 3.5 1.7 8.0

0.05 10.0 17.0 0.1 8.0 14.0

3.0 3.5 1.7 10.0 17.0 8.0

17.0 8.0 0.05 10.0 0.1 14.0

 
 
 
 

=  
 
 
 
 

B      

0.1312 0.1696 0.5569 0.0124 0.8283 0.5886

0.2329 0.4135 0.8307 0.3736 0.1004 0.9991

0.2348 0.1451 0.3522 0.2883 0.3047 0.6650

0.4047 0.8828 0.8732 0.5743 0.1091 0.0381

 
 
 
 

=  
 
 
 
 

D  

 

First, we study the estimates of the probability of improvement using one twenty-point experimental design of 

the Hartman3 function. We compare accuracy and computation times when 5,  10EGOn = , and 20  points are 

added to the data set. We generate 1, 000  sets of EGOn  points (randomly spread over the design space but not 

duplicating already sampled points). The actual probability of improvement is taken as the ratio of the number of 

points below Ty  and the total number of tested points (1, 000 EGOn× ). For each set, we also compute ( )Pr I 
 x  

using (8) and (9) and we use its mean (over the 1, 000  sets) as the estimator of the probability of improvement.  

Next, we check how good the approximation (9) is as an estimate of the probability of improvement. We start 

sampling Sasena, Hartman3, and Hartman6 with 12, 20, and 56 points, respectively. Then we build an estimate of 

the actual probability of improvement. We use Monte Carlo simulation with 50, 000  sets of EGOn  points 

( 1,  5,  10,  20EGOn = ). The actual probability of improvement is taken as the ratio of the number of points below 

Ty  and the total number of tested points ( 50,000 EGOn× ). For each entry of the set we also compute ( )Pr I 
 x  

using (9) and we use its mean (over the 50, 000  sets) as the estimator of the probability of improvement.  

In the sequence, we let EGO run for six, ten, and fourteen cycles for Sasena, Hartman3, and Hartman6 functions, 

respectively. For all test problems, we run EGO with one, five, ten and twenty points per cycle. For the multipoint 

version, we generate 50, 000  sets of EGOn  points ( 1,  5,  10,  20EGOn = ), in which one of the points comes from 

the maximization of the single point probability of improvement. Then, we simply pick the best set of EGOn  points 

out 50, 000  generated. Full details are given in Table 3. 
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Table 3: EGO setup for the test problems.  
Setup Sasena Hartman3 Hartman6 

Points in the initial experimental design 12 20 56 

Maximum number of optimization cycles 6 10 14 

Number of function evaluations running EGO with 1 point per cycle 6 10 14 

Number of function evaluations running EGO with 5 point per cycle 30 50 70 

Number of function evaluations running EGO with 10 point per cycle 60 100 140 

Number of function evaluations running EGO with 20 point per cycle 120 200 280 

 

To average out the influence of the initial data set, we repeat the experiments with 100 different Latin hypercube 

designs
35

. The experimental designs are created by the MATLAB Latin hypercube function lhsdesign
24

, using the 

“maxmin” option with 1,000 iterations. All simulations were conducted using an Intel Core 2 Quad CPU Q6600 at 

2.40GHz, with 3GB of RAM running MATLAB 7.7 (R2008b) under Windows XP. 

B. Performance Measure 

Given the initial best solution IBSy  and the solution EGOy  found by EGO, we can compute the actual 

improvement I  which measures the performance of the optimization algorithm  

  .IBS EGOI y y= −  (12) 

The actual improvement I  captures how well the optimization performed. 0I =  if there is no improvement, 

and 0I >  otherwise ( I  can be large in case of substantial improvement). A second measure is the ratio between 

the actual improvement I  and the maximum possible improvement 

 max
max

 ,   ,I IBS

I
r y yI

I
= = − �  (13) 

where y�  is the value of the function at the global optimum point. Ir  ranges from zero (no improvement) to one 

( optmy y=� ). 

V. Results and Discussion 

First, we study the different estimates of the probability of improvement using the Hartman3 function. Figure 4-

(a) shows the accuracy of the estimates as the number of points increase. The differences between (8) and (9) are 

minute. Figure 4-(a) and (b) shows the results for the computational time. With (8), evaluating the probability of 

improvement of a single set of points ranged from a fraction to almost ten seconds, see Figure 4-(b). These numbers 

makes (8) unattractive for optimization. On the other hand, Figure 4-(c) shows that the numbers are much better for 

the approximation given by (9), they all stay in the fraction of a millisecond range. Figure 4-(d) illustrates the ratio 

between the computational times of these two approaches. The approximation runs between 100 and 100,000 faster 

than the computation that takes the correlation between points into account. 

Next, we check how difficult it is to achieve the target for the three test problems. Figure 5 shows de box plots of 

the initial best sample IBSy  and the target values Ty  (for both 10%  and 25%  improvement) and contrasts them 

with test points testy  (created with the MATLAB Latin hypercube function lhsdesign
24

, using the “maxmin” option 

with 100 iterations). For the Sasena function, the target values lie in the lower tail of the distribution of testy , but do 

not go below the global optimum y� . This is partly due to the fact that the function changes sign near the median of 

IBSy , so that the target is often very modest. This would mean that it should be reasonably easy to achieve the 

target. For Hartman3, some target values for 10%  improvement and most of them for 25%  improvement are 

actually below y� , so that the target values would be difficult or impossible to achieve. For Hartman6, some target 

values are below y� , but here the interesting observation is that both IBSy  and Ty  lie in the outliers of the 

distribution of testy . This would mean that random experimental designs would have a low probability of achieving 
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the target, and the search for the maximum probability of achieving the target would be more arduous. In addition, 

we can see the difficulties in setting a good target value both because we do not know whether it will fall below the 

global optimum, and because the distribution of the function can make it difficult to reach. 

 

 
(a) Actual and estimated probability of improvement when new points fill the design space with maximization of the distance. 

   
(b) Computational time using (8). (c) Computational time using (9). (d) Ratio of computational times. 

Figure 4: Comparison of estimates of probability of improvement for one of the 100 twenty-point 

experimental design of the Hartman3 function. Simulations were conducted on an Intel Core 2 Quad CPU 

Q6600 at 2.40GHz, with 3GB of RAM running MATLAB 7.7 R2008b under Windows XP. 

 

 
(a) Sasena, 12 points. (b) Hartman3, 20 points. 

 

 
(c) Hartman6, 56 points. 

Figure 5: Box plots of the initial best sample IBSy , target Ty , and test points testy  ( IBSy  and Ty  are taken 

over 100 experimental designs). The global optimum y�  is also shown. Appendix A details box plots. 
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We check how well (9) estimates of the probability of improvement. Figure 6 shows the median (over 100 

experimental designs) of the actual and estimated probability of improvement for two different target settings and 

for different number of points. As expected, the Sasena function shows high probabilities of improvements. Also the 

agreement between the estimate and the actual probability of improvement is reasonable. For Hartman3, there is 

underestimation when the target is 10%  improvement. This may be due to the approximation of treating the 

probabilities as independent, or due to the inaccuracy of the kriging uncertainty model. When the target is 25%  

improvement, since it is most of the time below the global optimum, the actual probability of improvement is 

usually zero. However, since the estimated probability of improvement is never zero we still get some small values. 

For Hartman6, Figure 5 showed that typically there is room for more than 50%  improvement, but Figure 6 shows 

that kriging grossly underestimates the actual probabilities. This may indicate that the global minimum is fairly deep 

and localized. An overall conclusion may be that probability of improvement approximated by (9) may not be very 

good when the actual probabilities are small. 

 

 
(a) Sasena, 12 points. 

 

 
(b) Hartman3, 20 points. 

 

 
(c) Hartman6, 56 points. 

Figure 6: Median of the actual and estimated probability of improvement (over 100 experimental designs). 

Kriging struggles in estimating the probability of improvement. 
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Although we have seen that the estimate of the probability of improvement might be poor, it may still be useful 

for optimization. So next we compare the probability of improvement ( )Pr I 
 x  (7) with the expected 

improvement ( )E I 
 x  (6) as criteria for point selection to be used by EGO. Figure 7 shows the median (over 100 

experimental designs) of the relative improvement ratio (13) when running EGO with these two criteria. 

Surprisingly, the probability of improvement exhibits performance comparable to the expected improvement most of 

the time.  

 

  
(a) Sasena, 12 points. (b) Hartman3, 20 points. 

 

 
(c) Hartman6, 56 points. 

Figure 7: Median (over 100 experimental designs) of the relative improvement ratio (13) for single point 

expected improvement ( )E I 
 x  (6) and probability of improvement ( )Pr I 

 x  (7). Probability of 

improvement may be as suitable for optimization as the expected improvement. 

Next we investigate how good the multipoint probability of improvement approximated by (9) is as an infill 

criterion. Figure 8 shows the median (over 100 experimental designs) of the relative improvement ratio when the 

probability of improvement is used with increasing number of points per cycle. We can see that although there is no 

dramatic difference due to different target settings, there is clear benefit of adding more points per cycle. For all 

cases, the more points added per cycle, the faster the convergence. 

Using multiple points per cycle is mostly attractive when the main concern is the number of cycles rather than 

the total number of simulations. However, it is interesting to look at what penalty is paid for accelerated time 

convergence by having to run more simulations. For that purpose, we compare the algorithms for a fixed number of 

total simulations rather than a fixed number of cycles. Figure 9 shows the median over 100 experimental designs of 

the relative improvement ratio, defined in Eq. (13), with respect to number of function evaluations. In general, there 

is substantial penalty in the number of function evaluations and for Hartman3 and Hartman6 the multiple points per 

cycle approach does not even converge to the global solution. We believe that the reason for the poor performance 

when using multiple points per cycle is due to both the approximation of the probability of improvement given in 

Eq. (9) and the suboptimal selection of points (recollect that we use random search as optimization strategy). 

VI. Concluding Remarks and Future Research 

We proposed running the efficient global optimization (EGO) algorithm adding multiple points per cycle. The 

approach relies on using an approximate estimate of the probability of improvement as an infill criterion. In the 

numerical experiments, we used three algebraic examples that allowed us to find that 

• the estimate of the probability of improvement might be poor when the actual probabilities are low, 
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• the cheap-to-evaluate multipoint approximation of the probability of improvement is good enough for point 

selection (we found it to be a cheap alternative to the multipoint expected improvement), and 

• the number of cycles for convergence is reduced as we increase the number of points per cycle. 

 

We propose the following topics for future research 

• strategy for maximizing the probability of improvement: instead of our random search approach, we would 

like to use algorithms that might be more suitable for such global optimization of the probability of 

improvement (e.g., the DIRECT algorithm
36

). 

• taking advantage of multiple surrogates: we want to explore how the diversity of surrogates might help in 

the selection of points. We already have some results when the expected improvement is used
17, 18

. 

 

  
(a) Sasena. 

 

  
(b) Hartman3. 

 

  
(c) Hartman6. 

Figure 8: Median (over 100 experimental designs) of the relative improvement ratio (13) for the probability of 

improvement using different number of points per cycle. More points per cycle speeds up performance. 
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(a) Sasena. 

 

 
(b) Hartman3. 

 

 
(c) Hartman6. 

Figure 9: Median (over 100 experimental designs) of the relative improvement ratio (13) as a function of the 

number of function evaluations. 

Appendix 

A. Box plots 
In a box plot, the box is defined by lines at the lower quartile (25%), median (50%), and upper quartile (75%) 

values. Lines extend from each end of the box and outiliers show the coverage of the rest of the data. Lines are 

plotted at a distance of 1.5 times the inter-quartile range in each direction or the limit of the data, if the limit of the 

data falls within 1.5 times the interquartile range. Outliers are data with values beyond the ends of the lines by 

placing a “+” sign for each point. 
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