
Proceedings of the ASME 2008 International Design Engineering Technical Conferences & Computers and 
Information in Engineering Conference 

IDETC/CIE 2008 
August 3-6, 2008, Brooklyn, New York, USA 

DETC2008-49240 

USING MULTIPLE SURROGATES FOR MINIMIZATION OF THE RMS ERROR IN META-
MODELING 

 
Felipe A. C. Viana∗ Raphael T. Haftka 

Department of Mechanical and Aerospace Engineering, 
University of Florida, Gainesville, Florida, 32611-6250, U.S.A. 

 

                                                      
∗ PhD student and author of correspondence, Phone: (352) 392-6780, Fax: (352) 392-9595, Email: fchegury@ufl.com or fchegury@yahoo.com. 

ABSTRACT 
Surrogate models are commonly used to replace 

expensive simulations of engineering problems. Frequently, a 
single surrogate is chosen based on past experience. Previous 
work has shown that fitting multiple surrogates and picking 
one based on cross-validation errors (PRESS in particular) is a 
good strategy, and that cross validation errors may also be 
used to create a weighted surrogate. In this paper, we discuss 
whether to use the best PRESS solution or a weighted 
surrogate when a single surrogate is needed. We propose the 
minimization of the integrated square error as a way to 
compute the weights of the weighted average surrogate. We 
find that it pays to generate a large set of different surrogates 
and then use PRESS as a criterion for selection. We find that 
the cross validation error vectors provide an excellent estimate 
of the RMS errors when the number of data points is high. 
Hence the use of cross validation errors for choosing a 
surrogate and for calculating the weights of weighted 
surrogates becomes more attractive in high dimensions. 
However, it appears that the potential gains from using 
weighted surrogates diminish substantially in high dimensions. 

1 INTRODUCTION 
Despite advances in computer throughput, the computational 
cost of complex high-fidelity engineering simulations often 
makes it impractical to rely exclusively on simulation for 
design optimization [1]. In addition, these advances do not 
seem to affect the time for a state-of-the-art simulation, but 
instead to be used to add complexity to the modeling [2]. To 
reduce the computational cost, surrogate models, also known 
as meta-models, are often used in place of the actual 
simulation models. With advances in computer throughput, the 
cost of fitting a given surrogate drops in relation to the cost of 
simulations. Consequently more sophisticated and more 
expensive surrogates have become popular. Surrogates such as 
Radial Basis Neural Networks [3], Kriging models [4] and [5] 
Support Vector Regression [6] that require optimization in the 
fitting process, increasingly replace the traditional Polynomial 

Response Surfaces [7] that only require the solution of a 
system of linear equations.  

It is difficult to predict the performance of a surrogate for 
a new problem. In most of the cases, the practice is to use a 
surrogate model of preference based on past experience. 
Alternatively, the generation of large and diverse set of 
surrogates reduces the chances of using poorly fitted 
surrogates. Zerpa et al. [8] and Goel et al. [9] explored 
different heuristic approaches of constructing a weighted 
average surrogate, based on cross-validation error measures, 
such as prediction sum of squares (PRESS). Acar and Rais-
Rohani [10] discussed variations in the choice weights, and 
studied weight selection via optimization. PRESS can also be 
used to identify the surrogate most likely to be most accurate. 
Lin et al. [11] and Meckesheimer et al. [12] presented an 
investigation on the use of cross validation for RMSE 
estimation. However, there has been no systematic study of 
the effectiveness of using PRESS to identify the most accurate 
surrogate or of the additional advantage of using a weighted 
surrogate. 

The objectives of this paper are: (i) investigate the 
effectiveness of PRESS for selecting the best surrogate of a 
diverse set; and (ii) explore two weighting schemes based on 
minimization of the mean integrated square error and their 
potential to improve upon the best PRESS surrogate. The rest 
of the paper is organized as follows. Section 2 presents the 
methodology of the investigation. Section 3 defines the 
numerical experiments used for the investigation and Section 
4 presents results and discussion. Finally, the paper is closed 
by recapitulating salient points and concluding remarks. Two 
appendices present (i) basic concepts about boxplots; and (ii) 
an overview of the used surrogate modeling techniques. 
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2 METHODOLOGY 
2.1 Root Mean Square Error:  
We denote by  the actual simulation at the point 

, and  is the 

error associated with the prediction of the surrogate model, 
. The root mean square error (RMSE) in the design 

domain with volume V is given by: 

( )y x

1 2
T

mx x x⎡ ⎤= ⎢ ⎥⎣ ⎦x … ( ) ( ) ( )ˆe y y= −x x x

( )ŷ x
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In this paper, when we check the accuracy of a surrogate, 

we compute the RMSE by Monte-Carlo integration at a large 
number of ptest test points: 
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We use 5 different latin hypercube designs (created by 
the MATLAB latin hypercube function set with the “maxmin” 
option with 10 iterations). The RMSE is taken as the mean of 
the values for the 5 design of experiments (DOE) 

For comparing surrogates based on the data only at the p 
points of the DOE, we use cross-validation errors. 

2.2. Cross-Validation Errors: 
A cross-validation error is the error at a data point when the 
surrogate is fitted to a subset of the data points not including 
that point. When the surrogate is fitted to all the other p – 1 
points, (so-called leave-one-out strategy), we obtain the vector 
of cross-validation errors, . This vector is also known as the 
PRESS vector (PRESS stands for prediction sum of squares). 
Figure 1 illustrates the cross-validation errors for a polynomial 
response surface and kriging surrogates. 

e

 

 
Figure 1. The cross-validation error (CVE) at the third point of the 
DOE is exemplified by fitting a polynomial response surface (PRS) 
and kriging model (KRG) to five data points of the function sin(x). 
After repeating this process for all p points, the sum of square of 
errors is used as an estimator of the RMSE. 

The RMSE is estimated from the PRESS vector: 

 1  .T
RMSPRESS

p
= e e  (3) 

The leave-one-out strategy is computationally expensive 
for large number of points. We then use a variation of the 

 strategy [13]. We implemented the -fok ategy by: 
(1) extracting p/k points of the set using a “maximin” criterion 
(maximization of the minimum inter-distance); (2) removing 
these points from the set and repeating step (1) with the 
remaining points. Each set of extracted points is used for 
validation and the remaining for fitting. 

-foldk ld

2.3. Ensemble of Surrogates: 
One possible way of using multiple surrogates is to select the 
model with best PRESS value (BestPRESS surrogate). Since 
the quality of fit depends on the data points the BestPRESS 
surrogate may vary from DOE to DOE. Alternatively, a 
weighted average surrogate (WAS) intends to take advantage 
of n surrogates: 

 str
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where  is the predicted response by the WAS model, ( )ŴASy x
( )iw x  is the weight associated with the ith surrogate at x, and 

 is the predicted response by the ith surrogate. The 
weights and the predicted responses can be written in the 
vector form as w(x) and . Furthermore, so that if all 
surrogates provide the same prediction, so would . 
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 In this work we study weight selection based on PRESS, 
which is a global measure, so w(x) = w . ∀x

When considering a set of surrogates and a DOE, if not all 
are used, we assume surrogates are added based on the rank 
given by the PRESSRMS. Then the first one to be picked is the 
BestPRESS. Note that the identity of the surrogates in the 
ensemble may change from one DOE to another. 

2.4. Heuristic Computation of the Weights: 
Goel et al. [9] proposed a heuristic scheme for calculation of 
the weights, namely the PRESS weighted average surrogate 
(PWS). In PWS, the weights are computed as: 
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where  is given by the PRESSRMS of the ith surrogate. iE
The two parameters α  and , control the importance of 

averaging and importance of individual PRESS, respectively. 
Goel et al. [9] suggested  and . 

β

0.05α 1β = −

2.5. Computation of the Weights for Minimum RMSE: 
Using an ensemble of neural networks, Bishop [14] proposed 
a weighted average surrogate obtained by approximating the 
covariance between surrogates from residuals at training or 
test points. Here we opt instead for basing Bishop’s approach 
on minimizing the mean square error (MSE): 
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V
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where  is the error associated with the prediction of 
the WAS model, and the integral taken over the domain of 
interest permits the calculation of the elements of C as: 

( )WASe x
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where ( )ie x  and ( )je x  are the errors associated with the 
prediction given by the surrogate model i and j, respectively. 

C plays the same role as the covariance matrix in 
Bishop’s formulation. However, we approximate C by using 
the vectors of cross-validation errors, ,  e
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where p is the number of data points and the sub-indexes i and 
j indicate different surrogate models. 

Table 1. Information about the set of 24 basic surrogates. For support vector regression, details about the kernels are given in Table 8. 
Surrogates Modeling technique Details 
1 KRG-Poly0-Exp 

2 KRG-Poly0-Gauss 

3 KRG-Poly1-Exp 

4 KRG-Poly1-Gauss 

5 KRG-Poly2-Exp 

6 KRG-Poly2-Gauss 

Kriging model 

Poly0, Poly1, and Poly2 indicate zero, first, and second 
order polynomial regression model, respectively. Exp and 
Gauss indicate general exponential and Gaussian 
correlation model, respectively. In all cases, 

, and 
. 

0 110 ndvθ ×= ×1
210 200 , 1,2, ,i i nθ− ≤ ≤ = … dv

7 PRS2 Polynomial response surface Full model of degree 2. 
8 RBNN Radial basis neural network ( 20.05Goal y= )  and 1

3Spread = . 

9 SVR-Anova2-E-Full 

10 SVR-Anova2-E-Short01 

11 SVR-Anova2-E-Short02 

12 SVR-Anova2-Q 

13 SVR-ERBF-E-Full 

14 SVR-ERBF-E-Short01 

15 SVR-ERBF-E-Short02 

16 SVR-ERBF-Q 

17 SVR-GRBF-E-Full 

18 SVR-GRBF-E-Short01 

19 SVR-GRBF-E-Short02 

20 SVR-GRBF-Q 

21 SVR-Spline-E-Full 

22 SVR-Spline-E-Short01 

23 SVR-Spline-E-Short02 

24 SVR-Spline-Q 

Support vector 
regression 

Anova, ERBF, GRBF and Spline indicate the kernel 
function (ERBF and GRBF kernel functions were set with 

). 0.5σ =
 
E and Q indicate the loss function as  and 
quadratic, respectively. 

-insensitiveε

 
Full means that C  and , while 
Short01 and Short02 mean that 

= ∞ 41 10ε −= ×
y
k

σε =  and 

( )ln3 y
k
kε σ=  , in that order, while 

( )100max 3 , 3yC y yσ σ= + − y , where y  and  
are the mean value and the standard deviation of the 
function values at the design data, respectively. 

yσ

 
We chose 16 different SVR surrogates by varying the 
kernel function, the loss function (  or 
quadratic) and the SVR parameters (C and ) define these 
surrogates. 

-insensitiveε
ε

Given the C matrix, the optimal weighted surrogate 
(OWS) is obtained from minimization of the MSE as: 
  (10) min  ,T

WASMSE =
w

w Cw 

subject to: 
 1 .T =1 w  (11) 

The solution is obtained using Lagrange multipliers, as: 

 
1
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The solution may include negative weights, as well as 
weights larger than one. Allowing this freedom was found to 
amplify errors in the approximation of C matrix (9). One way 
to enforce positivity is to solve (12) using only the diagonal 
elements of C, which are more accurately approximated than 
the off-diagonal terms. We denote this approach OWSdiag. It is 
worth observing that when  and , PWS gives 
the same weights of OWSdiag. We also considered adding the 
constraint  to the optimization problem; however it 

was not enough to overcome the effect of poor approximations 
of the C matrix. OWS is recommended for an accurate 
approximation of C and OWSdiag for a less accurate one. 

0α = 2β = −

0iw ≥

3 NUMERICAL EXPERIMENTS 
3.1. Basic Surrogates and Derived Surrogates: 
Table 1 gives details about the 24 different basic surrogates 
used during the investigation (see Appendix B for more 
details). The toolbox of Lophaven et al. [5], the native neural 
networks Matlab toolbox [15], the code developed by Gunn 
[16], and the SURROGATES toolbox of Viana and Goel [17] 
were used to execute the KRG, RBNN, SVR, PRS and WAS 
algorithms, respectively. SURROGATES ToolBox is also 
used for an easy manipulation of all these different codes. No 
attempt was made to improve the predictions of any surrogate 
by fine tuning their respective parameters. We chose 6 
different Kriging surrogates by varying the regression and 
correlation models. 
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3.2. Performance Measures: 
The numerical experiments are intended to measure how good 
is PRESSRMS for identifying the surrogate with the smallest 
RMSE, and to explore how much the RMSE can be further 
reduced by the WAS. The first objective is quantified by 
comparing the correlation between PRESSRMS and RMSE 
across the 24 surrogates. For both objectives, we compare 
each basic surrogate, BestPRESS, and WAS model with the 
best surrogate of the set in a specific DOE (we call it 
BestRMSE). We define %difference such as the percent gain 
by choosing a specific model over BestRMSE: 

 % 100 BestRMSE Surr

BestRMSE

RMSE RMSEdifference
RMSE

−=  .

0
0

 (13) 

When  there is a gain in using the specific 
surrogate, and when %  there is a loss. 

%difference >
difference <

When considering BestPRESS, %difference cannot 
indicate gain, and the smallest the loss the better is the ability 
of PRESSRMS to select the best surrogate of the set. When 
considering the WAS models, in a particular DOE, we add 
surrogates according to the rank given by the PRESSRMS value 
(i.e., we always start from BestPRESS). In this case, 
%difference can be positive, indicating that we can do better 
than by using any single surrogate. 

3.3. Test Functions: 
To test the effectiveness of the various approaches, we employ 
a set of analytical functions widely used as benchmark 
problems in optimization (e.g. [19] and [20]. These are: 
 

1. Branin-Hoo function (2 variables): 
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2. Camelback function (2 variables): 
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3. Hartman functions (3 and 6 variables): 
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We use two instances:  Hartman3, with 3 variables and 
Hartman6 with 6 variables. For both q = 4 and 

.  Other parameters are given in 

Table 3. 

1.0 1.2 3.0 3.2⎡= ⎢⎣a

4. Extended Rosenbrock function (9 variables): 
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5. Dixon-Price function (12 variables): 
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Table 2. Information about derived surrogates. 
Surrogate Definition 
BestRMSE Most accurate surrogate for a given DOE 

(basis of comparison for all other surrogates). 
BestPRESS Surrogate with lowest PRESSRMS for a given 

DOE. 
OWSideal Most accurate weighted surrogate based on the 

true C matrix. Depending on the surrogate 
selection, OWSideal may be less accurate than 
BestRMSE. 

OWS Weighted surrogate based on an approximation 
of the C matrix using cross-validation errors. 

OWSdiag Weighted surrogate based on the main 
diagonal elements of the approximated C 
matrix (using cross-validation errors). 

Table 3. Parameters used in Hartman function. 
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As stated before, the quality of fit depends on the 
training data. As a consequence, performance measures may 
vary from DOE to DOE. Thus, for all test problems, a set of 
100 different DOEs are used as a way of averaging out the 
DOE dependence of the results (they were created by the 
MATLAB latin hypercube function lhsdesign, set with the 
“maxmin” option with 1000 iterations). Table 4 shows details 
about the data set generated for each test function. Naturally, 
the number of points used to fit surrogates increase with 
dimensionality. We also use the Branin-Hoo test problem to 
investigate what happens in low-dimensions if we can afford 
more points. For the computation of the cross-validation 
errors, we use the leave-one-out strategy (k = p in the k-fold 
strategy, see Section 2) except for the Dixon-Price function. 
Due to the high cost of the leave-one-out strategy for the 24 
surrogates for all 100 DOEs, we adopted the  strategy 
with k = 14, instead. This means that the surrogate is fitted 14 

-foldk
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times, each time with 13 points left out (that is to the 
remaining 169 points). 

Figure 2 illustrates the complexity of the problems. For 
the two-dimensional cases, plots using the test points reveal 
the presence of high gradients. For all other cases, the test 
points were used to obtain boxplots of the functions, which 
show variation in the values of the functions by more than one 
order of magnitude. 

Table 4. Specifications for the DOEs, and test points for the test 
functions. 

 

  
(a) Branin-Hoo (b) Camelback 

  
(c) Hartman3 (d) Hartman6 

  
(e) Extended Rosenbrock (f) Dixon-Price 

Figure 2. Plot of test functions. See Appendix A for details about 
boxplots. 

4 RESULTS AND DISCUSSION 
Table 5 shows the frequency of best RMSE and the PRESSRMS 
for each of the surrogates in all test problems. Results for the 
derived surrogates will be discussed later. It can be observed 
that the best surrogate depends (i) on the problem, i.e. no 
single surrogate or even modeling technique is always the 
best; and (ii) on the DOE, i.e. for the same problem, the 
surrogate that performs the best can vary from DOE to DOE. 

In addition, as the number of points increases, there is a 
better agreement between RMSE and PRESSRMS. Particularly, 
the top three surrogates (bold face in Table 5) are identified 
better. However, for the Branin-Hoo problem, we note 
deterioration in identifying the best surrogate when going 
from 20 to 42 points. This is because for high density of 
points, the trend for Kriging becomes less important, so 
surrogates 2, 4, and 6 have very similar performance. In 
addition, for KRG surrogates in high dimensions, the 
correlation model is less important since points are so sparse, 
hence several almost identical surrogates. Figure 3 shows a 
histogram of the correlations between RMSE and PRESSRMS. 
For a given DOE, the correlation is computed between the 
vectors of RMSE and PRESSRMS values; this is repeated for all 
DOEs. This correlation measures the ability of PRESSRMS   to 
correctly rank the surrogates. Figure 4 complements Figure 3 
showing the median of RMSE and PRESSRMS over the 100 
DOEs. The figures show that not only is the correlation good 
but also the actual values of RMSE and PRESSRMS agreed well, 
especially with increasing number of points. Altogether, 
PRESSRMS is good just for filtering out bad surrogates when 
there are few points (low-dimensional problems, i.e., 2 and 3 
variables) and it can identify the sub-set of the best surrogates 
when there are more points (high-dimensional problems, i.e., 
6, 9 and 12 variables). 

Test problem # design 
variables 

#  points 
for fitting 

# points 
for test 

Branin-Hoo 2 12, 20, and 42 2000 
Camelback 2 12 2000 
Hartman3 3 20 2000 
Hartman6 6 56 2000 
Extended 
Rosenbrock 9 110 2500 
Dixon-Price 12 182 4000 

 

  
(a) Branin-Hoo, 12 Points (b) Branin-Hoo, 20 Points 

  
(c) Branin-Hoo, 42 Points (d) Camelback, 12 Points 

  
(e) Hartman3, 20 Points (f) Hartman6, 56 Points 

  
(g) Extended Rosenbrock, 110 

Points 
(h) Dixon-Price, 182 Points 

Figure 3. Correlation between PRESSRMS and RMSE. In a given 
DOE, the correlation is computed between the sets of PRESSRMS 
values and RMSE. The correlation appears to improve with the 
number of points. 
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Table 5. Frequency, in number of DOEs (out of 100), of best RMSE and PRESSRMS for each basic surrogate. The numbers indicate the identity as in 
Table 1. It can be seen that (i) for both RMSE and PRESSRMS, the best surrogate depends on the problem and also on the DOE; and (ii) especially in 
the case of the high-dimensional problems; the best 3 surrogates according to both RMSE and PRESSRMS tend to be the same (bold face). As the 
number of points increases most surrogates fall behind, i.e. the advantage of the top surrogates is more pronounced. 

Branin-
Hoo 
(12 
points) 

Branin-
Hoo 
(20 
points) 

Branin-
Hoo 
(42 
points) 

Camelback 
(12 points) 

Hartman3 
(20 points) 

Hartman6 
(56 points) 

Extended 
Rosenbrock 
(110 points) 

Dixon-
Price 
(182 
points) 
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1 0 0 0 0 0 0 5 15 4 2 1 3 0 0 0 0 
2 1 1 58 79 16 31 1 6 38 11 7 2 0 0 0 0 
4 3 0 14 9 46 28 0 0 5 2 0 0 0 0 0 0 
5 0 1 0 0 0 0 16 3 0 0 0 0 18 32 10 21 
6 2 2 23 4 37 41 30 6 1 1 0 0 77 41 74 40 
7 0 1 0 0 0 0 0 18 0 0 0 0 4 23 16 39 
8 1 3 0 0 0 0 12 3 36 31 17 6 0 0 0 0 
9 42 19 0 5 1 0 7 11 0 4 0 0 0 0 0 0 
10 0 3 0 0 0 0 0 6 0 2 0 0 0 0 0 0 
11 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
12 0 5 0 0 0 0 2 11 0 1 0 1 0 0 0 0 
13 0 0 0 0 0 0 0 0 6 8 1 3 0 0 0 0 
14 0 0 0 0 0 0 0 0 0 5 0 1 0 0 0 0 
16 0 0 0 0 0 0 0 0 0 2 0 0 0 0 0 0 
17 11 32 0 0 0 0 0 3 5 4 14 18 0 0 0 0 
18 0 1 0 0 0 0 0 3 3 13 50 53 0 0 0 0 
20 16 18 0 1 0 0 0 5 2 9 10 9 0 0 0 0 
21 24 8 5 2 0 0 26 10 0 1 0 0 0 2 0 0 
22 0 1 0 0 0 0 0 0 0 3 0 4 0 1 0 0 
24 0 4 0 0 0 0 1 0 0 1 0 0 1 1 0 0 
Top 3 surrogates 82 69 95 93 99 100 72 44 80 55 81 80 99 96 100 100 

 

   
(a) Branin-Hoo, 12 Points (b) Branin-Hoo, 20 Points (c) Branin-Hoo, 42 Points 

   
(d) Camelback, 12 Points (e) Hartman3, 20 Points (f) Hartman6, 56 Points 

  
(g) Extended Rosenbrock, 110 Points (h) Dixon-Price, 182 Points 

Figure 4. Median over 100 DOEs of RMSE and PRESSRMS for basic surrogates. Lower values indicate better fits. Numbers on the ordinate indicate 
the surrogate as in Table 1, the 25th surrogate is BestPRESS. The agreement between both criteria improves with increasing number of points. 
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Table 6. %difference in the RMSE, defined in (13), of the best 3 basic 
surrogates (according to how often they have the best PRESSRMS, see 
Table 5) and BestPRESS for each test problem. For the basic 
surrogates, the numbers indicate the identity as in Table 1. The 
negative sign of %difference indicates a loss in terms of RMSE for 
the specific surrogate compared with the best surrogate. The loss 
decreases with increasing number of points. At low number of points, 
BestPRESS may not be even as good as the third best surrogate. In 
high dimension, BestPRESS is as good as the best of the three. 

Problem Surrogate 
Freq. of 
best 
PRESSRMS 

Median Mean StdDev 

9 19 -3 -21 36 
17 32 -18 -27 33 
20 18 -17 -19 18 

Branin-Hoo 
(12 points) 

BestPRESS --- -26 -43 55 
2 79 0 -13 31 
4 9 -14 -29 55 
9 5 -152 -189 148 

Branin-Hoo 
(20 points) 

BestPRESS --- -3 -31 61 
2 31 -12 -26 57 
4 28 -3 -21 56 
6 41 -21 -42 55 

Branin-Hoo 
(42 points) 

BestPRESS --- -18 -37 51 
1 15 -40 -42 30 
7 18 -8 -12 13 
9 11 -24 -31 25 

Camelback 
(12 points) 

BestPRESS --- -29 -35 29 
2  11 -12 -22 26 
8  31 -5 -33 206 
18 13 -23 -26 17 

Hartman3 
(20 points) 

BestPRESS --- -21 -28 31 
17  18 -7.9 -10.2 9.7 
18  53 -0.1 -1.7 2.6 
20 9 -3.5 -4.0 3.4 

Hartman6 
(56 points) 

BestPRESS --- -1.9 -5.2 8.2 
5  32 -0.09 -0.47 0.85 
6  41 0.00 -0.19 1.02 
7 23 -0.13 -0.52 0.94 

Extended 
Rosenbrock 
(110 points) 

BestPRESS --- -0.02 -1.03 4.15 
5  21 0.00 0.00 0.00 
6  40 0.00 -0.01 0.05 
7 39 0.00 0.00 0.00 

Dixon-Price 
(182 points) 

BestPRESS --- 0.00 0.00 0.03 
 
Table 6 provides the mean, median and standard deviation 

of the %difference in the RMSE for the best 3 surrogates and 
BestPRESS. Since a single fixed surrogate cannot beat the best 
surrogate of the set (which in fact varies from DOE to DOE), 
there cannot be any gain. As the loss approaches zero, 
BestPRESS becomes more reliable in selecting the best 
surrogate of the set, instead of being a hedge against selecting 
an inaccurate surrogate. It can be observed that: (i) in low 
dimensions, the poor quality of information given by 
PRESSRMS makes some surrogates outperform BestPRESS 
(i.e., %difference closer to zero, or smaller loss); and (ii) in 
high dimension, the quality of information given by PRESSRMS 
is better and, as a consequence, BestPRESS becomes hard to 
beat. For Dixon-Price for example, the best 3 surrogates 
practically coincide with BestPRESS, so the %difference is 
close to zero for them. 

Next we study if we can do any better by using a 
weighted average surrogate rather than BestPRESS. For a 
given DOE, surrogates are added according to rank based on 
PRESSRMS. We start the study considering best possible 
performance of OWS, i.e., based on exact computation of the 

C matrix (which is not possible in actual application). Figure 
5–(a) and (b) exemplify what ideally happens with the 
%difference in the RMSE as we add surrogates to the WAS for 
the Branin-Hoo and Extended Rosenbrock functions fitted 
with 12 and 110 points, respectively. It is seen that we can 
potentially gain by adding more surrogates, but even the ideal 
potential gain levels off after a while.. However, 
disappointingly, Figure 5–(c) shows that the maximum 
possible gain decreases with dimensionality. Keeping in the 
Branin-Hoo and Extended Rosenbrock functions, Figure 5–(d) 
and (e) compare the ideal gain with the gain obtained with 
information based on cross validation errors. It can be 
observed that while in theory (that is with OWSideal), 
BestPRESS as well as the surrogate with best RMSE 
(BestRMSE) can be beaten, in practice none of the WAS 
schemes is able to substantially improve the results of 
BestPRESS, i.e., more than 10% gain. In both low and high-
dimensions, the best scenario is given by OWSdiag, which 
appears to tolerate well the use of a large number of surroages. 
PWSBetaMinus1 is not able to handle the addition of poorly 
fitted surrogates. For this reason, the remainder of the paper 
does not include PWSBetaMinus1. OWS is unstable in low 
dimensions while presenting small gains and the risk of losses 
in high dimensions. 

Table 7 summarizes the information about the 
%difference in the RMSE for all test problems. It is then clear 
that in low-dimension very little can be done to improve 
BestPRESS (see mean and median). For the high-dimensional 
problems, OWSdiag seems to handle the uncertainty on the 
cross-validation errors better than OWS. However, the gains 
are limited to between 10% and 20%. As noted earlier, the 
behavior for the Branin-Hoo function when going from 20 to 
42 points is anomalous because surrogates 2 4 and 6 become 
very similar and dependent on the DOE. While PRESS is less 
reliable in identifying the most accurate surrogate, this is less 
important, because as can be seen from Figure 4c, the errors 
are miniscule for these surrogates. 

5 CONCLUSIONS 
In this paper, we have explored the use of multiple 

surrogates for the minimum RMSE in meta-modeling. We 
explored (i) the generation of a large set of surrogates and the 
use of PRESSRMS as a criterion for surrogate selection; and (ii) 
a weighted average surrogate based on the minimization of the 
integrated square error (in contrast to heuristic schemes). 

The study allows the conclusion that the benefits of both 
strategies depend on dimensionality and number of points: 
• As the number of points increases (as when the dimension 

increases), PRESSRMS becomes a very good estimator for 
RMSE. In general, PRESSRMS is good for filtering out 
inaccurate surrogates, and as the number of points 
increases PRESSRMS can also identify the best surrogate of 
the set. Other works did not attempt to quantify the effect 
of the dimensionality on the goodness of the information 
given by PRESSRMS. 

• As the dimension increases the possible gains from a 
weighted surrogate diminish even though our ability to 
approximate the ideal weights improves. In the two 
dimensional problems, OWSideal presented a median gain 
of 60%; while in practice, there was a loss of 25% and no 
improvement over BestPRESS. For the Extended-

 7 Copyright © 2007 by ASME 



Rosenbrock function (9 variables), OWSideal presented a 
median gain of 20%; while in practice, there was a gain of 
just 6% (for both OWSdiag and OWS; however, the former 
presents better performance when considering the mean 

and standard deviation). There was no rigorous study in 
the literature about the potential of improvements by 
examining the ideal case. 
 

 

   
(a) OWSideal for Branin-Hoo, 12 Points (b) OWSideal for Extended Rosenbrock, 110 

Points (c) OWSideal for all test problems 

  
(d) Median of the %difference of WAS for Branin-Hoo, 12 Points (b) Median of the %difference of WAS for Extended Rosenbrock, 110 Points 

Figure 5. %difference in the RMSE, defined in (13), when using OWSideal. Figure 5-(a) and (b) illustrate the effect of adding surrogates to the 
ensemble (picked according to the PRESSRMS ranking) for the Branin-Hoo and Extended Rosenbrock functions (best cases in low and high 
dimensions, respectively).  Figure 5-(c) shows that the gain in using OWSideal decreases to around 10% for problems in high-dimension (BH, CB, H3, 
H6, ER, and DP are the initials of the test problem and in parenthesis it is the number of points on the DOEs). For Figure 5-(a) and (b), in parenthesis, 
it is the median, mean, and standard deviation when using 5 surrogates (after which there is practically no improvement). While in theory the 
surrogate with best RMSE (BestRMSE) can be beaten (OWSideal), in practice, the quality of information given by the cross-validation errors makes it 
very difficult in low dimensions. In high dimension the quality permits gain, but it is very limited. See Appendix A for details about boxplots. 

Table 7. %difference in the RMSE, defined in (13), of the WAS schemes and BestPRESS for each test problem. For the Branin-Hoo function, the 
number of points used for fitting the surrogates is varied. For the Dixon-Price function, both the full set of surrogates and a partial set obtained when 
the first three best surrogates were left out are considered and used. The sign of % difference indicates that there is loss (–) or gain (+) in using the 
specific WAS scheme when compared with the best surrogate of the set in terms of RMSE. 
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Median 62 69 66 54 34 12.3 20.8 9.2 30.5 
Mean 61 68 66 55 34 12.7 21.1 9.7 30.7 OWSideal 
StdDev 10 10 12 9 7 3.3 4.6 2.4 2.5 
Median -26 -3 -18 -29 -21 -1.9 0.0 0.00 0.0 
Mean -43 -31 -37 -35 -28 -5.2 -1.0 0.00 -2.6 BestPRESS 
StdDev 55 61 51 29 31 8.2 4.2 0.03 5.2 
Median -35 -24 -34 -23 -18 -2.7 6.1 -7.0 4.4 
Mean -43 -41 -51 -42 -24 -3.9 5.3 -7.3 4.1 OWSdiag 
StdDev 39 55 61 131 26 5.2 4.2 4.9 4.2 
Median -119 -249 -61 -84 -182 -31 6 -9 17.2 
Mean -144 -356 -104 -181 -205 -37 -13 -153 15.5 OWS 
StdDev 99 374 151 769 120 24 182 1396 10.7 

 
Therefore, we can say that using multiple surrogates and 

PRESSRMS for identifying the best is a good strategy that 
becomes ever more useful with increasing number of points 
and  hence dimensionality. On the other hand, the use of 
weighted average surrogate does not seem to have the 
potential of substantial error reductions even with large 
number of points that improve our ability to approximate the 
ideal weighted surrogate. 

Additionally, we can point out the following findings: 

• For large number of points, PRESSRMS as obtained 
through the k-fold strategy successfully estimates the 
RMSE (as shown in Figure 3-(h) and Figure 4-(h)). 

• At high point density (possible in low dimensions) the 
choice of the trend function for Kriging is not important. 
At very low point density (characteristic of high 
dimensions) the choice of correlation function is not 
important. Both situations lead to the emergence of 
multiple almost identical Kriging surrogates. 
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• When using a WAS, OWSdiag seems to be the best choice, 
unless the large number of points allows the use of OWS. 
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APPENDICES 
A. Boxplots: 
In a boxplot, the box is defined by lines at the lower quartile 
(25%), median (50%), and upper quartile (75%) values. Lines 
extend from each end of the box to show the coverage of the 
rest of the data. Outliers are data with values beyond the ends 
of the lines by placing a "+" sign for each point. 

B. Surrogate Modeling Techniques: 
The principal features of the surrogate modeling techniques 
used in this study are described in the following sections. 
Kriging (KRG) 

KRG is named after the pioneering work of the South 
African mining engineer D.G. Krige. It estimates the value of 
a function as a combination of a known function fi(x) (e. g., a 
linear model such as a polynomial trend) and departures 
(representing low and high frequency variation components, 
respectively) of the form: 

  (B.1) ( ) ( ) ( )

1
ˆ  ,

m

i i
i

y f zβ
=

= +∑x x x

x x

,c

Where z(x) is assumed to be a realization of a stochastic 
process Z(x) with mean zero, process variance , and spatial 
covariance function given by: 

2σ

  (B.2) ( ) ( )( ) ( )2cov , ,  ,i j i jZ Z Rσ=x x x x
where R(xi,xj) is the correlation between xi and xj. 

The conventional KRG models interpolate training data. 
This is an important characteristic when dealing with noisy 
data. In addition, KRG is a flexible technique since different 
instances of it can be created by choosing different pairs of 
fi(x) and correlation functions. Finally, complexity and lack of 
commercial software may hinder this technique from 
popularity in the near term [21]. 

The Matlab code developed by Lophaven et al. [5] was 
used to execute the KRG algorithm. More details about KRG 
are provided in [4], [5], and [21]. 
Polynomial Response Surface (PRS) 
The PRS approximation is one of the most well established 
meta-modeling techniques. In PRS modeling, a polynomial 
function is used to approximate the actual function. A second-
order polynomial model can be expressed as: 

 (B.3) ( ) 2
0

1 1 1 1
ˆ  ,

m m m m

i i ii i ij i j
i i i j

j i

y x xβ β β β
= = = =

≠

= + + +∑ ∑ ∑∑x

The set of coefficients   can be obtained by least squares 
and according to the PRS theory are unbiased and have 
minimum variance. Another characteristic is that it is possible 
to identify the significance of different design factors directly 
from the coefficients in the normalized regression model (in 
practice, using t-statistics). In spite of the advantages, there is 
always a drawback when applying PRS to model highly 

nonlinear functions. Even though higher-order polynomials 
can be used, it may be difficult to take sufficient sample data 
to estimate all of the coefficients in the polynomial equation. 

See [7] for more details about PRS. 
Radial Basis Neural Networks (RBNN) 
RBNN is an artificial neural network which uses radial basis 
functions as transfer functions. RBNN consist of two layers: a 
hidden radial basis layer and an output linear layer, as shown 
in Figure 6. The output of the network is thus: 

  (B.4) ( ) ( )
1

ˆ ,  
N

i i
i

y a ρ
=

= ∑x x

where N is the number of neurons in the hidden layer, ci is the 
center vector for neuron i, and ai  are the weights of the linear 
output neuron. The norm is typically taken to be the Euclidean 
distance and the basis function is taken to be the following: 
 ( ) ( 2, exp  iρ β= − −x c x c ) .i  (B.5) 

 

 
Figure 6. Radial basis neural network architecture. 

RBNN may require more neurons than standard 
feedforward/backpropagation networks, but often they can be 
designed in a fraction of the time it takes to train standard 
feedforward networks. A crucial drawback for some 
applications is the need of many training points. 

The native neural networks Matlab toolbox [15] was used 
to execute the RBNN algorithm. RBNN is comprehensively 
presented in [3]. 
Support Vector Regression (SVR) 
SVR is a particular implementation of support vector 
machines (SVM). In SVR, the aim is to find  that has at 
most  deviations from each of the targets of the training 
inputs. Mathematically, the SVR model is given by: 

( )ŷ x
ε

  (B.6) ( ) ( ) ( )
1

ˆ ,  
p

i i i
i

y a a K∗

=
= − +∑x x ,bx

where ( ),iK x x  is the so-called kernel function. Table 8 lists 
the kernel functions used in this work. 

During the fitting process, SVR minimizes an upper 
bound on the expected risk unlike empirical risk minimization 
techniques, which minimize the error on the training data. This 
is done by using alternative loss functions. Figure 7 shows two 
of the most common possible loss functions. Figure 7-(a) 
corresponds to the conventional least squares error criterion. 
Figure 7-(b) illustrates the loss function used in this work, 
which is given by the following equation: 

 ( )

( ) ( )

( ) ( )

ˆ, if 

ˆ , otherwise

y y
Loss

y y

ε ε− ≤⎧⎪⎪= ⎨⎪ −⎪⎩

x x
x

x x
 (B.7) 

The implication is that in SVR the goal is to find a 
function that has at most ε  deviation from the training data. 
In other words, the errors are considered zero as long as they 
are inferior to . ε

Besides , the fitting the SVR model has a regularization 
parameter, C . Parameter C  compromises the complexity and 

ε

the degr which devi s larger than  are tolerated in ee to ation  ε
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the optimization formulation. If C  is to large (infinity), the 
tolerance is small and the tend cy is to have the most 
possible complex SVR model. An open issue in SVR is the 
choice of the values of parameters for both kernel and loss 
functions. 

The M

en

atlab code developed by Gunn [16] was used for 
SVR

Table 8. Example of kernel functions. 

 modeling. To learn more about SVR, see [6]. 

Gaussian 
is Radial Bas
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Finally, SURROGATES ToolBox is used for an easy 
man
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