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Abstract: Surrogate models are commonly used to 

replace expensive simulations of complex engineering 

problems. In most cases, a single surrogate is used 

based on past experience. Previous work has shown that 

fitting multiple surrogates and picking the best one 

based on cross-validation errors (PRESS  in particular) 

is a good strategy, and that these cross validation errors 

may also be used to create a weighted surrogate. In this 

paper, we discuss whether to use the best PRESS  

solution or a weighted surrogate in case a single 

surrogate is needed. We propose the minimization of 

the integrated square error as a way to compute the 

weights of the weighted average surrogate model. We 

find that it pays to generate a large set of different 

surrogates and then use PRESS  as a criterion for 

selection. It is also reasonably safe to obtain 

improvement with two or three surrogates in high-

dimensional cases.   

 

1.  Introduction: Despite advances in computer 

throughput, the computational cost of running complex 

high-fidelity engineering simulations often makes it 

impractical to rely exclusively on simulation for the 

purpose of design optimization [1]. In addition, these 

advances do not seem to affect the time that it takes to 

run a state-of-the-art simulation, but instead to be used 

to add complexity to the modeling [2]. To reduce the 

computational cost, surrogate models, also known as 

meta-models, are often used in place of the actual 

simulation models. With advances in computer 

hardware, the cost of fitting a given surrogate drops in 

relation to the cost of such simulations. Consequently, 

as in the case of the simulation, more sophisticated and 

more expensive surrogates have become popular. 

Surrogates such as Radial Basis Neural Networks 

(RBNN) [3],[4], Kriging models (KRG) [5],[6], and 

Support Vector Regression (SVR) [7],[8] that require 

optimization in the fitting process, increasingly replace 

the traditional Polynomial Response Surface (PRS) 

[9],[10] that only requires the solution of a system of 

linear equations. 

 

Regardless the popularity of any one of the cited 

surrogates, it is difficult to select a surrogate ahead of 

time for a new problem. Often times, the practice is to 

stay with a surrogate model of preference based on past 

experience. Alternatively, the generation of large and 

diverse set surrogates reduces the chances of using 

poorly fitted surrogates. In this sense, Zerpa et al. [11] 

and Goel et al. [12] explored different heuristic 

approaches of constructing a weighted average 

surrogate, based on cross-validation errors. 

Furthermore, a cross-validation error measure called 

prediction sum of squares (PRESS ) can be used to 

select the best model among all considered surrogate 

models. 

 

The two objectives of this paper are: (i) investigate the 

efficiency of PRESS  in selecting the best surrogate of 

a diverse set; and (ii) explore two weighting schemes 

based on minimization of the mean integrated square 

error and their potential to improve upon the best 

PRESS  surrogate. The rest of the paper is organized 

as follows. In section 2 the conceptual framework of 

constructing weighted average surrogate models is 

presented. In sections 3 and 4, the numerical 

experiments and results are presented and discussed. 

Finally, the paper is closed by recapitulating salient 

points and concluding remarks. An appendix presents 

an overview of the surrogate modeling techniques used 

in this study 
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2.  Weighted Average Surrogate: The weighted 

average surrogate (WAS) is defined as: 
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where ( )ŵasy x  is the predicted response by the 

weighted average of surrogate models, n  is the number 

of different surrogate models, ( )
iw x  is the weight 

associated with the ith  surrogate at the design point 

1 2

T

mx x x =   x … , and ( )îy x  is the predicted 

response by the ith  surrogate at x . The weights and 

the predicted responses can be written in the vector 

form as ( )w x  and ( )ŷ x . Furthermore: 
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So that if all surrogates provide the same prediction, so 

would  ( )ŵasy x . 

 

When the weights are selected based on global 

measures of goodness, ( ) ,  = ∀w x w x . 

 

3.1.  Computation of the Weights for Minimum 

Mean Square Error: As discussed in the Appendix, 

using an ensemble of neural networks, Bishop in [13] 

shows a weighted average surrogate scheme obtained 

by approximating the covariance between surrogates 

from information of the residuals in training points. 

However, this approach lacks generality when an 

ensemble of surrogates is based on surrogate models 

that have different statistical assumptions. For 

example, polynomial response surface assumes that 

the true function is given by a polynomial model and 

the unbiased normal distributed error on data points 

is due to noise on the measurements of the actual 

function; while Kriging usually does not assume error 

in data, but instead that the function is drawn from a 

Gaussian process. 

 

Here we opt instead for minimizing the mean square 

error (MSE): 
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was was
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where the integral taken over the domain of interest 

permits the calculation of the elements of C  as: 

 ( ) ( )
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C  plays exactly the same role as the covariance 

matrix in Bishop’s formulation. But since it is an 

integrated quantity, it does not have the same 

limitations that the covariance matrix. We 

approximate C  by using the vectors of cross-

validation errors, e� , at the data points. Here we use 

the cross-validation error obtained when one data 

point is ignored and the surrogate is fitted to the other 

1k −  points, with the procedure repeated for each 

data point. This way: 
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where k  is the number of data points and g  is an 

integration matrix used for trapezoidal integration.  

 

One common use of the cross-validation errors is in 

the computation of the prediction sum of squares 

(PRESS ), commonly used as a measure of global 

variance.  The root mean square ofPRESS  for a 

given surrogate is given by: 

 
1

 .T
RMSPRESS

k
= e e� �  (7) 

Given a set of surrogates and their respective cross-

validation error vectors, we present a possible way of 

using this information to compute the weights are 

presented. We call this scheme as OPTCWS , an 

acronym used to convey the information of a 

weighted surrogate resulting from minimization 

based on the vector of cross-validation errors. In 

OPTCWS , the weights are the solution of the 

optimization problem stated as the minimization of: 

  ,T
wasMSE = w Cw  (8) 

subject to: 

 
1 ,

0 .

T

iw

=

≥

1 w
 (9) 

The positivity constraint is added to avoid negative 

values for some weights and high values for others. 

This was observed to amplify the effect of poor 

approximation of C . 
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3.  Numerical experiments 

 

3.1  Test Problems: To test the success of the 

proposed approaches in improving the predictive 

capabilities of an ensemble of surrogates, we employ 

two type of problems: (i) analytical (as can be found 

in [14]) and (ii) engineering application (presented in 

[15] and [16]). They are detailed as follows: 

 

1. Branin-Hoo function: 
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2. Camelback function 
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3. Hartman functions 
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In this work, the case of six design variables 

(Hartman6) is studied, i.e. 6m = . The choice of 

parameters a , B , and D  is given in Table 1, while 

4p = . 

 

Table 1: Parameters used in Hartman function. 

Hartman6 

1.0 1.2 3.0 3.2 =   a  

10.0 3.0 17.0 3.5 1.7 8.0

0.05 10.0 17.0 0.1 8.0 14.0

3.0 3.5 1.7 10.0 17.0 8.0

17.0 8.0 0.05 10.0 0.1 14.0

 
 
 
 =  
 
 
 
 

B  

0.1312 0.1696 0.5569 0.0124 0.8283 0.5886

0.2329 0.4135 0.8307 0.3736 0.1004 0.9991

0.2348 0.1451 0.3522 0.2883 0.3047 0.6650

0.4047 0.8828 0.8732 0.5743 0.1091 0.0381

 
 
 
 =  
 
 
 
 

D  

 

 

4. Engineering application 

 

As described by Lyrio in [15] and Cavalcanti in [16], 

this eleven-design variable problem consists in 

obtaining a surrogate model for the drag coefficient 

of an airfoil (NACA652215), which is later used on 

the performance estimation of the aircraft during 

taking off. Table 2 shows the set of geometric 

parameters that defines the airfoil profile [17]. 

Simulations were conducted using ANSYS ICEM 

CFD for mesh generation and METACOMP CFD++ 

for flow analysis. Figure 1 shows an example of 

mesh generated for the CFD analysis. 

 

Table 2: Design variables for the engineering 

application. 

Variable Description Lower 

bound 

Upper 

bound 

ytle Y position for leading 

edge radius control 

point 

0.0202 0.0699 

xtth X position for 

maximum thickness 

point 

0.3003 0.4497 

ytth Y position for 

maximum thickness 

point 

0.0702 0.1698 

atte Half trailing edge 

aperture angle 

-29.9414 -0.0586 

ytte Half trailing edge base 

height 

0.0002 0.0060 

acle Angle for the mean 

camber line at the 

leading edge point 

-7.4561 14.9561 

ycth Y coordinate for mean 

camber line at 

maximum thickness X 

coordinate (xtth) 

-0.0075 0.0070 

xcmc X coordinate for rear-

loading control point 

0.4009 0.8491 

ycmc Y coordinate for rear-

loading control point 

-0.0099 0.0398 

acte Angle for the mean 

camber line at the 

leading edge point 

-14.9707 -0.0293 

AOA Angle of attack 0.0488 24.9512 

 

 
Figure 1: Structured mesh generated around the 

NACA652215 airfoil. 
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Figure 2 illustrates the complexity of the problems. 

For the two-dimensional cases, plots using the set of 

test points reveal the presence of high gradients. For 

Hartman6 the set of test points and for the 

engineering application the full set of points were 

used to obtain boxplots of these functions, which 

show variation in the values of the functions by more 

than one order of magnitude. 

 

(a) Branin-Hoo (b) Camelback 

  

  

(e) Hartman6 
(f) Engineering 

application 

Figure 2: Plot of test functions. See Appendix A for 

details about boxplots. 

 

3.2  Prediction Measure: The study is conducting 

using the root mean square error (RMSError ) as a 

prediction measure. The actual prediction measure 

RMSError  is obtained by trapezoidal integration on 

a Cartesian grid as: 

 ( )2

1

1
ˆ

gridk

i i i
grid i

RMSError y y
k

γ
=

= −∑  (13) 

where iγ  are coefficients used for trapezoidal 

integration. 

 

Using the RMSError , we calculate the % loss  for 

each surrogate compared to BestPRESS. The 

computation starts with the difference between the 

RMSError  of the BestPRESS surrogate and the 

specific surrogate: 

 BestPRESS Surrd RMSError RMSError= −  (14) 

If 0d > , then the specific surrogate outperforms 

BestPRESS; conversely, if 0d <  BestPRESS is 

better. We choose a symmetric normalization of the 

% loss  in terms of the most accurate of the two. 

That is: 

 

100 ,  if 0

% 100 ,  if 0

0,  otherwise

BestPRESS

Surr

d dRMSError

dloss dRMSError

 × >= × <

(15) 

The sign of % loss  indicates whether BestPRESS 

(− ) or a specific surrogate (+ ) is better. 

 

Since the quality of fit and, as a consequence, 

performance measures depend on the training data, 

the weights of the averaged surrogate implicitly 

depend on the design of experiment (DoE). Thus, for 

all test problems, a large set of different DoEs is used 

as a way of averaging out the DoE dependency of the 

results. More specifically, for Branin-Hoo and 

Camelback functions, a set of 1000 latin hypercube 

DoEs and a 2 21×  grid (resulting in 441gridk = ) 

were used for fitting and testing, respectively. 

Considering the higher cost of fitting SVR surrogates 

for Hartman6 and for the engineering application, 

reduced but still representative sets of 200 DoEs and 

100 DoEs were used, respectively. For all analytical 

problems, the latin hypercube DoE and a grid set 

with 5 levels (resulting in 15625gridk = ) were used 

to pick design and test points, respectively. For the 

engineering application, 450 points were sampled 

using the Sobol DoE. Out of the 450 points, a sub-

sample of 200 points (taken randomly without 

replacement) was used to construct the surrogate 

models and the remaining 250 were used to test the 

surrogate models. 

 

3.3  Basic and Weighted Average Surrogates: 

Table 3 gives details about the surrogates used during 

the investigation. 

 

It should be pointed out that no attempt was made to 

improve the predictions of any surrogate model by 

fine tuning their respective parameters. In the case of 

SVR surrogates, for each kernel two different setups 

for the parameters C  and ε  were used. The first 

one, C = ∞  and 41 10ε −= × , we call as “full” is 

obtained when using the default setup of the toolbox 

and it results in the creation of a full SVR model (i.e., 

with the maximum number of support vectors of k ). 

The second, we call as “short”, uses the computation 

of these parameters as proposed in [18]. 
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Table 3: Information about basic surrogates. 

Surrogate Details 

Krigining 

model 

KRG: first order polynomial regression 

model; Gaussian correlation model; 

0 110 ndvθ ×= × 1 ; and 
210 200 , 1,2, ,i i ndvθ− ≤ ≤ = … . 

Polynomial 

response 

surface 

PRS2 and PR3*: full models of degree 2 

and 3 respectively. 

Radial 

basis neural 

network 

RBNN: ( )20.05Goal y= ; and 

1
3Spread = . 

Support 

vector 

regression 

• SplineFull and SplineShort:  spline 

kernel function. 

• ERBFFull and ERBFShort:  ERBF 

kernel function with 0.5σ = . 

• GRBFFull and GRBFShort:  

GRBFkernel function with 0.5σ = . 

 

Full means that C = ∞  and 
41 10ε −= × , while Short means that 

( )100max 3 , 3y yC y yσ σ= + −  

and y

k

σ
ε = , where y  and yσ  are 

the mean value and the standard 

deviation of the function values at the 

design data, respectively. 

 

All of them were fitted using 

-insensitiveε  loss function. 

* except for the engineering application. 

 

We also compare the results with a heuristic 

weighting scheme, namely the PRESS  weighted 

average surrogate (PWS ) proposed in [12]. In 

PWS , the weights are computed as: 
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where iE  is given by the RMSPRESS  of the -thi  

surrogate. 

PWSBetaMinus1 is a PWS  that uses the parameter 

values suggested in [12], i.e., 0.05α =  and 

1β = − . 

 

4. Results and Discussion: Table 4 shows that the best 

surrogate depends on the problem. Therefore, the first 

step is to study how well RMSPRESS  is correlated to 

the actual RMSError . Figure 3 shows the correlation 

between RMSPRESS  and RMS Error for the set of 10 

surrogates over the 1000 DoEs for the functions of 2 

design variables, over the 200 DoEs for Hartman6, and 

over the 100 DoEs for the engineering application.  In a 

given DoE, the correlation is computed between the 

sets of RMSPRESS  values and RMSError ; this is 

repeated for all DoEs. As illustration, Table 5 shows 

detailed statistics about RMSPRESS  and RMS Error 

for the Brahin-Hoo function. This shows that 

RMSPRESS  is good for identifying good surrogates. 

The best surrogate ranked by RMSPRESS  and RMS 

Error are the same. Actually, the rankings of the top 5 

surrogates based on the median is identical for 

RMSPRESS  and the RMS Error. 

 

Table 4: Frequency, in percent of the cases, of best 

RMS Error for each basic surrogate. It can be seen that 

the best surrogate depends on the problem. 

Surrogate 
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0
 p

o
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) 

KRG 88.9 1.2 23.5 35 

PRS2 0 2.3 0 65 

PRS3 5.7 0 0 --- 

RBNN 0 2.8 69.5 0 

SplineFull 5.4 88.8 0 0 

SplineShort 0 1.4 0 0 

ERBFFull 0 0 0 0 

ERBFShort 0 0 0 0 

GRBFFull 0 3.5 1 0 

GRBFShort 0 0 6 0 

 

The comparison of BestPRESS with the individual 

surrogates is summarized in Figure 4 that shows the 

boxplots of the % loss  in the RMS error divided in 

two categories: low and high dimensional cases. For the 

high dimensional cases, we replicate the results of the 

engineering application since this one has 100DoEs in 

contrast with 200DoEs of Hartman6. This avoids bias 

toward the Hartman6. At this point, it can be observed 

that: (i) in low dimensions, KRG is the best basic 

surrogate, better even than BestPRESS; and (ii) in high 

dimension, KRG is better than the other basic 

surrogates but not than BestPRESS. Table 6 presents 

the same information for all problems. The median and 

mean values together tell if either BestPRESS or the 

specific surrogate is the best choice. A surrogate 

outperforms BestPRESS when both median and mean 



Proceedings of 2008 NSF Engineering Research and Innovation Conference, Knoxville, Tennessee  Grant #0423280  

present non-negative values. Zero median means that 

50% of the cases BestPRESS and that specific surrogate 

are the same. The standard deviation shows the 

dispersion of the % loss . Dispersion towards the 

negative side indicates that BestPRESS is better, while 

dispersion towards the positive side indicates that the 

specific surrogate is better. 

 

 

 

 

  
(a) Branin-Hoo, 20 Points (b) Camelback, 20 Points 

  
(c) Hartman6, 150 Points (d) Engineering application, 200 Points 

Figure 3: Correlation between RMSPRESS , given by Eq. (7), and RMS Error. In a given DoE, the correlation is 

computed between the sets of RMSPRESS  values and RMSError . The correlation appears to improve with the 

number of points. 

 

Table 5: RMS Error and RMSPRESS , defined in Eq. (7), of basic surrogates (Branin-Hoo). This way, lower values 

indicate better fitting. BestPress, which is the surrogate with smallest RMSPRESS  for each DoE, may belong to 

different surrogates for different DoEs. 

RMS Error RMSPRESS  
Surrogate 

Median Mean COV Median Mean COV 

KRG 4.49 5.58 0.88 9.21 11.43 0.69 

PRS2 29.16 30.14 0.12 36.04 37.91 0.30 

PRS3 9.02 9.86 0.30 12.54 13.39 0.35 

RBNN 21.95 38.50 3.55 44.84 165.62 4.51 

SplineFull 9.13 9.80 0.39 14.93 16.14 0.37 

SplineShort 19.40 20.40 0.24 26.15 28.64 0.34 

ERBFFull 23.46 24.03 0.25 29.83 31.72 0.30 

ERBFShort 26.88 27.54 0.20 33.36 35.19 0.28 

GRBFFull 26.29 29.28 0.45 37.96 42.10 0.50 

GRBFShort 16.47 17.52 0.23 22.06 24.50 0.38 

BestPRESS 6.13 7.23 0.64 8.32 8.71 0.39 
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(a) Low dimensional cases (Branin-Hoo and Camelback, 20 Points). 
(b) High dimensional cases (Hartman6, 150 points and engineering 

application, 200 points). 

Figure 4: % loss , given by Eq. (15), in the RMS error for BestPRESS and each basic surrogate for low and high 

dimensions. In parenthesis the values of the median and standard deviation of % loss  over the considered DoEs. 

For the low dimensional cases, when using BestPRESS, there is no loss greater than 2000%, while for when using 

RBNN or GRBFFull the losses can be greater than -2000%. See Appendix A for details about boxplots. 

 

Table 6: % loss , defined by Eq. (15), in the RMS error for BestPRESS and each basic surrogate case by case. The 

sign of % loss  indicates whether BestPRESS (− ) or a specific surrogate (+ ) is better. 

Branin-Hoo (20 points) Camelback (20 points) Hartman6 (150 points) Engineering application 

(200 points) Surrogate 

Median Mean StdDev Median Mean StdDev Median Mean StdDev Median Mean StdDev 

KRG 0.00* 50.9* 118.1* -33.3 -37.4 56.4 -2.5 -8.7 18.1 0.0 -3.8 10.2 

PRS2 -392.0 -452.9 287.5 -12.0 -15.3 51.0 -49.4 -51.1 20.2 0.0* -0.6*   6.0* 

PRS3 -51.1 -75.0 108.7 -43.8 -50.8 58.3 -118.4 -121.4 42.1 --- --- --- 

RBNN -291.8 -609.7 2391.2 -46.7 -331.8 3434.0 0.0  4.7 12.5 -130.1 -130.9 18.2 

SplineFull -44.75 -67.8 105.8 0.0* 31.0* 74.3* -119.2 -119.4 42.9 -35.3 -38.9 20.4 

SplineShort -226.9 -267.0 195.3 -12.4 -12.9 50.9 -83.9 -87.2 34.2 -26.8 -29.8 17.1 

ERBFFull -293.3 -327.8 218.1 -44.2 -49.1 52.0 -8.2 -5.7 10.7 -26.8 -27.4 11.5 

ERBFShort -349.6 -394.6 248.1 -48.9 -54.9 52.9 -10.2 -7.9 10.6 -28.8 -29.5 11.6 

GRBFFull -349.4 -435.0 367.2 -36.2 -61.8 92.0 -19.0 -18.6 17.4 -35.1 -36.5 11.8 

GRBFShort -182.0 -212.8 163.2 -36.7 -40.5 53.8 -14.4 -15.0 15.9 -35.9 -37.2 11.8 

* best surrogate in terms of RMS error. 

 

The second step is to study if we can do any better by 

using a weighted average surrogate rather than 

BestPRESS. Keeping the division of the problems 

according to the dimensionality, the comparison of 

BestPRESS with the two WAS schemes is summarized 

from Figure 5-(a) to Figure 5-(d), which show the 

boxplots of the % loss  in the RMS error as we add 

surrogates to the ensemble. In a particular DoE, 

surrogates are added according to the rank given by the 

RMSPRESS  value. This way, the first one to be picked 

is the BestPRESS and as we add surrogates we pick 

surrogates with greater RMSPRESS  values. In 

addition, this scheme does not guarantee that the 

composition of the ensemble will be the same in 

differents DoEs, instead, it changes according to the 

RMSPRESS  values. For the high dimensional cases, as 

before we duplicate the results of the engineering 

application. From the figures, it can be observed that: 

(i) in low dimensions, neither PWSBetaMinus1 nor 

OPTCWS  appear to be competitive with BestPRESS, 

as can be seen by the risk of high losses. In high 

dimension, however, the losses when using BestPRESS 

are greater than when using the weighted average 

surrogate. PWSBetaMinus1 works well with just 2 

surrogates. On the other hand, OPTCWS  seems to 

tolerate better the addition of surrogates, possibly with 

a little advantage for 2 surrogates (when it presents 

fewer outliers on the negative side). 
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(a) PWSBetaMinus1 for low dimensional cases 

(Branin-Hoo and Camelback, 20 Points). 

(b) PWSBetaMinus1 for high dimensional cases 

(Hartman6, 150 points and engineering 

application, 200 points). 

  

(c) CWSOPT for low dimensional cases 

(Branin-Hoo and Camelback, 20 Points). 

(d) CWSOPT for high dimensional cases 

(Hartman6, 150 points and engineering 

application, 200 points). 

  

(e) CWSBEST for low dimensional cases 

(Branin-Hoo and Camelback, 20 Points). 

(f) CWSBEST  for high dimensional cases 

(Hartman6, 150 points and engineering 

application, 200 points). 

Figure 5: Effect of the number of surrogates on the weighting schemes. The sign of % loss , given by Eq. (15), 

indicates whether BestPRESS (− ) or a weighted average surrogate (+ ) is better. It is important to say that for the 

low dimensional cases, there are outliers out of the plotted intervals. See Appendix A for details about boxplots. 

 

Figure 5-(e) and Figure 5-(f) show the results for 

OPTCWS  when the residuals at test points are used 

instead of using cross-validation errors on the 

computation of the C  matrix. This represents the best 

possible performance of OPTCWS , if we knew what 

are the best possible weights (we called this case as 

BESTCWS ). Figure 5-(e) shows that in low dimensions 

(there are outliers greater than 200%), the trends are 

corrected in the sense that we are now able to reduce 

the RMS error by using BESTCWS . Figure 5-(f) also 

illustrates this improvement, however, occurrences on 

the negative side reveals problems with the 

optimization problem formulation. It is remarkable that 

no matter what weights are chosen, for most DoEs it is 

impossible to improve the RMS error by more than 

10% . 

 

Table 7 summarizes the results for the cases in which it 

pays the use of OPTCWS , i.e. the high dimensional 
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cases. Since both median and mean are positive, Table 

7 shows the % loss for BestPRESS.  

 

Table 7: % loss comparison between OPTCWS  and 

BESTCWS  for the high dimensional cases. The median 

and mean values indicate how better the weighted 

average surrogates are when compared with 

BestPRESS. 

Number of 

Surrogates 
Statistics OPTCWS  BESTCWS  

Median 5.2 5.8 

Mean 6.6 7.4 2 

StdDev 7.7 8.3 

Median 7.0 10.0 

Mean 7.5 12.5 9 

StdDev 8.0 10.2 

 

5. Conclusions: In this paper, we have presented the 

use of multiple surrogates for the minimum mean 

integrated square error. We explored (1) the generation 

of a large set of surrogates and the use of RMSPRESS  

as a criterion for surrogate selection; and (2) a weighted 

average surrogate based on the minimization of the 

integrated square error (in opposition to heuristic 

schemes). 

 

The study allows the conclusion that it pays the use of 

multiple surrogates in the sense that: 

• When the best surrogate for a problem is known, 

RMSPRESS  can be used as a criterion for 

surrogate selection. 

• In high dimensions, any of the WAS formulations 

are somewhat better than BestPRESS when they 

are built with the two best surrogates. OPTCWS  

allows benefiting as we add even more surrogates. 
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Appendixes 

A – Boxplots: In a boxplot, the box is defined by lines 

at the lower quartile (25%), median (50%), and upper 

quartile (75%) values. Lines extend from each end of 

the box to show the coverage of the rest of the data. 

Outliers are data with values beyond the ends of the 

lines by placing a “+” sign for each point. 

 

B – Surrogate Modeling Techniques: The principal 

features of the surrogate modeling techniques used in 

this study are described in the following sections. 

 

Kriging (KRG): Kriging is named after the pioneering 

work of the South African mining engineer D.G. Krige. 

It estimates the value of a function as a combination of 

a known function ( )
if x  (e. g., a linear model such as a 

polynomial trend) and departures (representing low and 

high frequency variation components, respectively) of 

the form: 

 ( ) ( ) ( )

1

ˆ  ,
m

i i

i

y f Zβ
=

= +∑x x x  (17) 

where ( )Z x  is assumed to be a realization of a 

stochastic process with mean zero,  process variance  
2σ , and spatial covariance function given by: 

 ( ) ( )( ) ( )2cov , ,  ,i j i jZ Z Rσ=x x x x  (18) 

where ( ),i jR x x  is the correlation between ix  and 

jx . 

 

The conventional KRG models interpolate training 

data. This is an important characteristic when dealing 

with noisy data. In addition, KRG is a flexible 

technique since different instances of can be created by 

choosing different pairs of   and correlation functions. 

The major disadvantage of the KRG is that model 

construction can be time-consuming. Finally, the 

complexity of the method and the lack of commercial 

software may hinder this technique from being popular 

in the near term [19]. 

 

The Matlab code developed by Lophaven et. al [20] 

was used to execute the KRG algorithm. More details 

about KRG are provided in [5], [6], and [19]. 

 

Polynomial Response Surface (PRS): The PRS 

approximation is one of the most well established meta-

modeling techniques. In PRS modeling, a polynomial 

function is used to approximate the actual function. A 

second-order polynomial model can be expressed as: 

 

( ) 0
1

2

1 1 1

ˆ

 ,

m

i i

i

m m m

ii i ij i j

i i j

j i

y x

x x x

β β

β β

=

= = =
≠

= + +

+

∑

∑ ∑∑

x

 (19) 

The set of coefficients β  can be obtained by least 

squares and according to the PRS theory are unbiased 

and have minimum variance. Another characteristic is 

that it is possible to identify the significance of different 

design factors directly from the coefficients in the 

normalized regression model (in practice, using t-
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statistics). In spite of the advantages, there is always a 

drawback when applying PRS to model highly 

nonlinear functions. Even though higher-order 

polynomials can be used, it may be too difficult to take 

sufficient sample data to estimate all of the coefficients 

in the polynomial equation, particularly in large 

dimensions. 

 

See [9] and [10] for more details about PRS. 

 

Radial Basis Neural Networks (RBNN): RBNN is an 

artificial neural network which uses radial basis 

functions as transfer functions. RBNN consist of two 

layers: a hidden radial basis layer and an output linear 

layer, as shown in Figure 6. The output of the network 

is thus: 

 ( ) ( )
1

ˆ ,  ,
N

i i

i

y a ρ
=

=∑x x c  (20) 

where N  is the number of neurons in the hidden layer, 

ic  is the center vector for neuron i , and ia  are the 

weights of the linear output neuron. The norm is 

typically taken to be the Euclidean distance and the 

basis function is taken to be the following: 

 ( ) ( )2, exp  .i iρ β= − −x c x c  (21) 

RBNN may require more neurons than standard 

feedforward/backpropagation networks, but often they 

can be designed in a fraction of the time it takes to train 

standard feedforward networks. They work best when 

many training points are available, and this can be a 

crucial drawback in some applications. 

 

 
Figure 6: Radial basis neural network architecture. 

 

The native neural networks Matlab toolbox [21] was 

used to execute the RBNN algorithm. RBNN is 

comprehensively presented in [3],[4], and [22]. 

 

Support Vector Regression (SVR): SVR is a 

particular implementation of support vector machines 

(SVM). In its present form, SVM was developed at 

AT&T Bell Laboratories by Vapnik and co-workers in 

the early 1990s [23]. In SVR, the aim is to find   that 

has at most   deviations from each of the targets of the 

training inputs. Mathematically, the SVR model is 

given by: 

 ( ) ( ) ( )
1

ˆ ,  ,
k

i i i

i

y a a K b∗

=
= − +∑x x x  (22) 

where ( ),iK x x  is the so-called kernel function. Table 

8 lists the kernel functions used in this work. 

 

Table 8: Example of kernel functions. 

Gaussian 

Radial Basis 

Function 

(GRBF) 

( )
2

2
, exp

2
i

iK
σ

 − = −   
x x

x x  

Exponential 

Radial Basis 

Function 

(ERBF) 

( ) ( )2
, exp

2
i

iK
σ

−
= −

x x
x x  

Splines 

( )

( ) ( )( )3

, 1 ,

1 1
, min , min ,

2 6

i i

i i i

K = + +

−

x x x x

x x x x x x
 

 

During the fitting process, SVR minimizes an upper 

bound on the expected risk unlike empirical risk 

minimization techniques, which minimize the error on 

the training data. This is done by using alternative loss 

functions. Figure 7 shows two of the most common 

possible loss functions. Figure 7-(a) corresponds to the 

conventional least squares error criterion. Figure 7-(b) 

illustrates the loss function used in this work, which is 

given by the following equation: 

 ( )

( ) ( )

( ) ( )

ˆ, if 

ˆ , otherwise

y y
Loss

y y

ε ε− ≤=  −

x x
x

x x
 (23) 

 

  
(a) Quadratic (b) ε - insensitive 

Figure 7: Loss functions. 

 

The implication is that in SVR the goal is to find a 

function that has at most ε  deviation from the training 

data. In other words, the errors are considered zero as 

long as they are inferior to ε . 

 

Besides ε , the fitting the SVR model has a 

regularization parameter, C . Parameter C  

compromises the complexity and the degree to which 

deviations larger than ε  are tolerated in the 

optimization formulation. If C  is to large (infinity), the 
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tolerance is small and the tendency is to have the most 

possible complex SVR model. 

 

According to Smola and Scholkopf in [7], “after that 

the algorithmic development seems to have found a 

more stable stage, one of the most important ones 

seems to be to find tight error bounds derived from the 

specific properties of kernel functions.” Another open 

issue in SVR is the choice of the values of parameters 

for both kernel and loss functions. 

 

The Matlab code developed by Gunn [24] was used to 

execute the SVR algorithm. To learn more about SVR 

see [7], [8] and [24]. 

 

Finally, SURROGATES ToolBox is used for an easy 

manipulation of all these different models. 

SURROGATES ToolBox, developed by Viana and 

Goel [25], integrates several open-source tools 

providing a general-purpose MATLAB library of 

multidimensional function approximation methods. 
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