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The use of surrogates for facilitating optimization and statistical analysis with computationally expensive 
simulations has become commonplace. However, most applications employ a single surrogate based on past 
experience or personal preference. Recently there has been interest in using multiple surrogates rather than a single 
one. This makes sense because no single surrogate works well for all problems and the cost of constructing multiple 
surrogates is often small compared to the cost of simulations. This paper surveys recent approaches involving 
multiple surrogates. This includes (i) fitting multiple surrogates and picking one based on cross-validation errors 
(PRESS in particular), (ii) using cross validation errors to create a weighted surrogate via minimization of the 
integrated square error; and (iii) performing optimization multiple times by using multiple surrogates. We conclude 
that with sufficient number of points (i) PRESS is good for filtering out inaccurate surrogates, and identifying the 
best surrogate of the set; (ii) the cost of using multiple surrogates is low enough to use in real world applications; 
and (iii) it pays to use multiple surrogates in optimization. 

I. Introduction 
URROGATE models (also known as meta-models) are often used in place of the actual expensive simulations 
or experiments. Typical applications of surrogate models may include, but are not limited to, design 

optimization, sensitivity analysis and uncertainty quantification. Most practitioners in the structural optimization 
community are familiar at least with the traditional polynomial response surface 1, 2; some with more sophisticated 
models such as kriging 3, 4, neural networks 5, 6, or support vector regression 7, 8, and few with the use of weighted 
average surrogates 9, 10. History has shown a growing in the use of surrogate techniques. Figure 1 illustrates the 
number of publications reporting the use of the major surrogate techniques. Data was obtained using the Publish or 
Perish software system 11 and Google Scholar 12 (in the period of June 10-25, 2008). For each technique we searched 
for occurrences with any of the following words: interpolation, approximation, metamodel, regression, 
classification, prediction. In practice, for example for “response surface”, the search in Google Scholar is fed with: 
interpolation OR approximation OR metamodel OR regression OR classification OR prediction AND "response 
surface". It is worth mentioning that this results may vary due to the update on the Google database. Figure 1-(a) 
shows the numbers when there is no restriction on the research field. The growing rate of the number of publications 
on neural networks since mid 80’s is impressive. It is also surprising that the strong growth of support vector 
applications since the beginning of this decade. One possible explanation is that, unlike from kriging and response 
surfaces, both neural networks and support vector can be applied to classification problems, which would account 
for a good part of the publications. Figure 1-(b) narrows the publications to the optimization community.  Surrogate 
techniques gained popularity since the early 1990s, and while response surface and neural network techniques were 
more popular initially, today, there is no distinction among the surrogates. Figure 1-(c) narrows further the numbers 
to the the structural optimization community; where response surface techniques are still the favorite.  

S 

When dealing with expensive simulations, we can rarely afford to perform enough simulations to obtain very 
accurate surrogates, where the choice of surrogate is immaterial. Instead, with typically sparse point density, 
different surrogates provide substantially different estimates and optima, as illustrated in Figure 2. In addition, the 
cost of fitting surrogates is typically low compare to the cost of the simulations they fit. These two observations 
argue against the common practice of choosing a specific surrogate model based on the past experience. Instead, it 
makes much more sense to use multiple surrogates and choose the one that has the lowest error metrics or even 
repeat the optimization with multiple surrogates. 

The main objective of this work, as a review paper, is to show that the volume of publications on multiple 
surrogates gives us sufficient directions to incorporate multiple surrogates in meta-modeling. This is done by (i) 
presenting the techniques for selecting and mixing surrogates, and pointing the difficulties associated with both; and 
(ii) illustrating that it pays to simultaneously use multiple surrogates for optimization, because even the worst 
surrogate can lead to the best solution. The remaining of the paper is organized as follows. Sections II reviews the 
use of multiple surrogates for prediction. It discuss how multiple surrogates are generated and the benefits of 
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selection and combination of different surrogates either. Section III focuses the application of multiple surrogates in 
the context of optimization. It shows how one can benefit from using multiple surrogates instead of a single one in 
an engineering example. Finally, the paper is closed by recapitulating salient points and concluding remarks. 

II. Multiple surrogates for prediction 
In order to show the competitiveness of multiple surrogates for prediction, we summarize a study about reducing 

the root mean square error in metamodeling found in Ref.  10. It employed a set of analytical functions widely used 
as benchmark problems in optimization 13, 14 (shown in Table 4) and one engineering application (not discussed here). 
Figure 3 illustrates the complexity of the problems. For the two-dimensional cases, plots reveal the presence of high 
gradients. For all other cases, boxplots of the functions show variation in the values of the functions by more than 
one order of magnitude. 

To begin with, it is worth exploring why there are so many surrogates in use. 

A. Why so many surrogates? And how to generate multiple surrogates? 
The reason for the diversity of surrogate techniques is that they are based as combination of three components: 

(1) the statistical model and its assumptions; (2) the basis functions; and (3) the loss function. Both response 
surfaces and Kriging are based on solid statistical models. However, while response surface techniques assume that 
the data is noisy and the model obtained with the basis functions are is exact, Kriging usually assumes that the data 
is exact but the function is a realization of a Gaussian process. Furthermore, different Kriging models may be 
obtained by assuming different correlation models in the Gaussian process. For response surfaces, the basis 
functions are usually monomials, but other functions have been occasionally used. Kriging allows different trend 
functions that are also usually monomials. In support vector regression, the basis functions are specified in terms of 
a kernel. Finally, most surrogates are based on minimizing the root-mean-square error (RMSE). However, other loss 
functions have their advantages. For example, minimizing the average absolute error (L1 norm) leads to surrogates 
that are less sensitive to outliers. For example, Figure 4 shows surrogates fitted to five data points. Four of them lie 
on a straight line and the fifth represents erroneous data. It is seen that while the erroneous point changes 
substantially the Kriging surrogate and a response surface based on RMSE, it has no effect on the fit based on the L1 
norm.  

Table 1 illustrates these concepts giving a few details about the four most common surrogate techniques, namely 
polynomial response surface, kriging (KRG), radial basis neural networks (RBNN), and support vector regression 
(SVR). 

Table 2 shows how authors generated a set with 24 different basic surrogates in Ref.  10. The set includes 6 KRG, 
obtained by varying the regression and correlation models; a quadratic PRS; an RBNN; and 16 different instances of 
SVR. No attempt was made to improve the predictions of any surrogate by fine tuning its respective parameters. For 
the SVR parameters, they followed the suggestions of Cherkassky and Ma 15. The toolbox of Lophaven et al. 4, the 
native neural networks Matlab toolbox 16, the code developed by Gunn 8, and the SURROGATES toolbox of Viana 
and Goel 17 were used to execute the KRG, RBNN, SVR, and PRS algorithms, respectively. SURROGATES toolbox 
is also used for an easy manipulation of all these different codes.  

B. Comparison of surrogates 
The practice of choosing a single surrogate based on past experience has motivated a many papers comparing the 

performance of individual surrogates under certain set of criteria 18, 19, 20, 21, 22, 23, 24, 25, 26.For example, Giunta and 
Watson 18 compared polynomial response surface approximations and kriging on analytical example problems of 
varying dimensions. They concluded that quadratic polynomial response surfaces were more accurate. However, 
they hedged that the investigation was not intended to serve as an exhaustive comparison between the two modeling 
methods. Jin et al. 19 compared different surrogate models based on multiple performance criteria such as accuracy, 
robustness, efficiency, transparency, and conceptual simplicity. They concluded that the performance of different 
surrogates has to do with the degree of nonlinearity of the actual function and the design of experiment. Stander et 
al. 20 compared polynomial response surface approximation, kriging, and neural networks. They concluded that 
although neural nets and kriging seem to require a larger number of initial points, the three meta-modeling methods 
have comparable efficiency when attempting to achieve a converged result. Overall, the literature leads us to no 
clear conclusion, but instead, confirms the suspicion that the surrogate performance depends on both the nature of 
the problem and the design of experiment (DOE). 
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While different loss functions may be used to compare surrogates, here we use the root mean square error 

(RMSE). Consider  the actual simulation at the point ( )y x 1 2
T

mx x x⎡ ⎤= ⎢ ⎥⎣ ⎦x …

( )ŷ x actualRMSE

, and  
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volume V is given by: 
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which is computed Monte-Carlo integration using a large number of ptest test points as: 
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As stated before, the quality of fit depends on the data set (location and density). As a consequence, the RMSE 
may vary from DOE to DOE. Thus, for all test problems of this part of the work, a set of 100 different DOEs were 
used as a way of averaging out the DOE dependence of the results. For the analytical problems, Viana et al. 10 used 
Latin Hypercube designs 27 created by the MATLAB function lhsdesign, set with the “maxmin” option with 1000 
iterations to generate the DOEs for fitting. They also used 5 different Latin Hypercube designs for evaluating the 
accuracy of the surrogate by Monte Carlo integration of the RMSE. These DOEs are also created by the MATLAB 
latin hypercube function lhsdesign, but set with the “maxmin” option with 10 iterations. The RMSE is taken as the 
mean of the values for the 5 DOEs. Table 6 shows details about the data set generated for each test function. 
Naturally, the number of points used to fit surrogates increase with dimensionality. Viana et al. 10 also used the 
Branin-Hoo function to investigate what happens in low-dimensions if one can afford more points.  

While it is clear from the literature that the best surrogate depends on the problem, we chose the Branin-Hoo 
function fitted with 12 and 20 points to show that no single surrogate performs the best even for the same problem. 
Figure 5 also shows that no single surrogate or even modeling technique was always the best; i.e. their performance 
vary from DOE to DOE (considering both location and density). 

C. Cross-validation for surrogate selection 
In practice, the use of test points is a luxury and we usually have to estimate the accuracy of the surrogate based 

on the data only at the p points of the DOE, and for that we use cross-validation errors. A cross-validation error is 
the error at a data point when the surrogate is fitted to a subset of the data points not including that point. When the 
surrogate is fitted to all the other p – 1 points, (so-called leave-one-out strategy), this process has to be repeated p 
times to obtain the vector of cross-validation errors, e . This vector is also known as the PRESS vector (PRESS 
stands for prediction sum of squares). Figure 6 illustrates the cross-validation errors for a polynomial response 
surface and kriging surrogates. When the leave-one-out strategy is computationally expensive for large number of 
points, the  strategy can be used for computation of the PRESS vector. According to the classical k-fold 
strategy

-foldk
 29, after dividing the available data (p points) into p/k clusters, each fold is constructed using a point 

randomly selected (without replacement) from each of the clusters. Of the k folds, a single fold is retained as the 
validation data for testing the model, and the remaining  folds are used as training data. The cross-validation 
process is then repeated k times with each of the k folds used exactly once as validation data. Note that k-fold turns 
out to be the leave-one-out when k = p. Viana et al.

1k −

 10 implemented the   strategy by: (1) extracting p/k points of the 
set using a “maximin” criterion (maximization of the minimum inter-distance); (2) removing these points from the 
set and repeating step (1) with the remaining points. Each set of extracted points is used for validation and the 
remaining for fitting. This process is repeated k times, each of it with a different validation set. 

The RMSE is estimated from the PRESS vector: 

 1
 .T

RMSPRESS
p

= e e  (3) 

Since PRESSRMS is an estimator of the RMSE, one possible way of taking advantage of multiple surrogates is to 
select the model with best (i.e., smallest) PRESS value (BestPRESS surrogate). Because the quality of fit depends 
on the data points, the BestPRESS surrogate may vary from DOE to DOE. The main benefit from a diverse and 
large set is the increasing chance of avoiding (i) poorly fitted surrogates and (ii) DOE dependence of the 
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performance of individual surrogates. Obviously, the success when using BestPRESS relies on the diversity of the 
set of surrogates and on the quality of the PRESS estimator. 

The use of cross validation errors for selecting surrogates is well established in both response surface and neural 
network literatures 29, 30, 31, 32, 33, 34, 35, 36. Once again, commenting just few, Roecker 30 discussed how the cross-validation 
errors can be used for estimating the prediction error. He used it to select response surface models (that differ in the 
number of terms, in a very like manner of stepwise regression). The leave-one-out approach was shown to be an 
efficient estimator of the root mean square error (RMSE). Utans and Moody 31 discussed the use of cross-validation 
errors for selecting neural network architectures. They found that cross-validation and the prediction sum of squares 
(PRESS) provide computationally feasible means of estimating the prediction risk. Zhang 32 made the following 
statement: “during the past decade, the cross validation method has been developed quite extensively in the 
literature, especially in the area of nonparametric curve estimation... Examples include, but are not limited to, the 
choice of smoothing parameters in nonparametric smoothing and variable selection in regression...” In the 
optimization or structural optimization community, on the other hand, it seems that mostly we just use cross-
validation for assessment of the quality of the fit (because there is only one surrogate). 

Figure 7 shows the correlation between PRESSRMS and RMSE across the 24 surrogates, computed DOE by DOE. 
While a correlation close to 1, does not guarantee that PRESSRMS estimates well the RMSE, it does indicate that we 
can use PRESSRMS to choose the surrogate with the lowest RMSE,.  The figure shows that with enough points (even 
sparsely distributed because of high dimension), PRESSRMS can be used to choose the best surrogate. Figure 8 shows 
the frequency of best RMSE and the PRESSRMS for each of the surrogates in some of the test problems. It is 
confirmed that the best surrogate depends (i) on the problem, i.e. no single surrogate or even modeling technique is 
always the best; and (ii) on the DOE, i.e. for the same problem, the surrogate that performs the best can vary from 
DOE to DOE. In addition, as the number of points increases, there is a better agreement between the selections 
given by RMSE and PRESSRMS. Particularly, the top three surrogates are identified better. Altogether, when there are 
few points, PRESSRMS is good for filtering out bad surrogates; when there are more points and PRESSRMS can also 
identify the sub-set of the best surrogates. 

Finally, Table 7 gives an idea about the computational cost associated with PRESS calculation for multiple 
surrogates in two of the test problems, one in low and the other in high dimension. 

D. Benefits of average surrogate 
There has been also an old debate about whether one can benefit from combining different surrogates rather then 

trying to select a single one 37, 38, 39, 40, 41, 42, 43, 44. Choosing some for discussion, Perrone and Cooper 37 introduced 
ensemble methods for neural networks. The idea was to minimize the RMSE in prediction through the optimal linear 
combination of different networks. Their results showed some room for improvement over badly trained networks. 
Leblanc and Tibshirani 38 discussed weighting schemes based on cross-validation and bootstrap methods. They 
raised the flag that the performance of average surrogate is limited by the quality of the estimators for the RMSE of 
the ensemble. Yang 39 showed that the issue is open. The article was literally entitled: “Regression with Multiple 
Candidate Models: Selecting or Mixing?”. Yang 39 suggested that selection can be better when the errors in 
prediction are small; and combination works better when the errors are large. 

Combining surrogates has also been brought recently to the engineering optimization community. Zerpa et al. 45 
used multiple surrogates for optimization of an alkaline–surfactant–polymer flooding processes incorporating a local 
weighted average model of the individual surrogates. Goel et al. 9 explored different approaches in which the weights 
associated with each surrogate model are determined based on PRESS. Acar and Rais-Rohani 46 and Viana et al. 10 

discussed variations in the choice weights, and studied weight selection via optimization. One of the important 
clarifications of the work of Viana et al. 10 is that they showed that the chances of improvement are limited by the 
quality of the estimator for the RMSE (that comes from cross-validation errors) of the individual surrogates. 

A weighted average surrogate (WAS) is a linear combination of n surrogates: 

 ( ) ( )
1 1

ˆ ˆ  ,  
n n

WAS i i i
i i

y w y w
= =

= ∑ ∑x x 1 ,=  (4) 

where  is the predicted response by the WAS model,  is the weight associated with the ith surrogate, 
and  is the predicted response by the ith surrogate. 

( )ŴASy x
( )x

iw

îy
As discussed in Viana et al. 10 the set of weights is obtained by minimizing the mean square error (MSE) of the 

WAS model: 
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where eWAS(x) is the error associated with the prediction of the WAS model, and the integral taken over the domain of 
interest permits the calculation of the elements of C as: 
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They solved the optimization problem approximating C with the vectors of cross-validation errors, . The 
solution is obtained using Lagrange multipliers, as: 

e

 
1
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C 1
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1 C 1
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where p is the number of data points and the sub-indexes i and j indicate different surrogate models. The WAS 
model obtained when using (7) and T

ij i jc ≅ e e p  to approximate (6) was called optimal weighted surrogate 

(OWS).  The solution may include negative weights as well as weights larger than one. Allowing this freedom was 
found to amplify errors coming from the approximation of C matrix. One way to enforce positivity is to solve (7) 
using only the diagonal elements of C (i.e., only T

ii i ic ≅ e e p ), which are more accurately approximated than the 

off-diagonal terms. Viana et al. 10 denoted this approach OWSdiag. They also used the set of test points to compute the 
weights. This translates the best possible scenario, where we already know the errors. They called this OWSideal. 
Although not practical, this is useful since it gives us an idea of the potential of improvement when using WAS. 

Table 8 summarizes the surrogates that we can derive from a larger set (using either selection via BestPRESS or 
combination via OWS). In order to compare the accuracy of various surrogates, Viana et al. 10 defined %difference 
such as the percent gain by choosing a specific model over BestRMSE: 

 % 100  BestRMSE Surr

BestRMSE

RMSE RMSE
difference

RMSE
−

= ,

0 0

 (8) 

when %  there is a gain in using the specific surrogate, and when  there is a loss. difference > %difference <
Figure 9 exemplifies what ideally happens with the %difference in the RMSE as we add surrogates to the WAS 

for the Branin-Hoo and Extended Rosenbrock functions fitted with 12 and 110 points, respectively. It is seen that we 
can potentially gain by adding more surrogates (OWSideal), but even the ideal potential gain levels off after a while. 
Disappointingly, Table 9 shows that the maximum possible gain decreases with dimensionality. It can be observed 
that while in theory (that is with OWSideal), BestPRESS as well as the surrogate with best RMSE (BestRMSE) can be 
beaten, in practice none of the WAS schemes is able to substantially improve the results of BestPRESS, i.e., more 
than 10% gain. In both low and high-dimensions, the best scenario is given by OWSdiag, which appears to tolerate 
well the use of a large number of surroages. OWS is unstable in low dimensions while presenting small gains and the 
risk of losses in high dimensions. 

III. Multiple surrogates for optimization 
The engineering optimization community has also started to consider the use of a diverse set of surrogates 

simultaneously when performing surrogate-based optimization. Mack et al. 47 employed polynomial response 
surfaces and radial basis neural networks to perform global sensitivity analysis and shape optimization of bluff body 
devices to facilitate mixing while minimizing the total pressure loss. They showed that due to small islands in the 
design space where mixing is very effective compared to the rest of the design space, it is difficult to use a single 
surrogate model to capture such local but critical features. Glaz et al. 48 used polynomial response surfaces, kriging, 
radial basis neural networks, and weighted average surrogate for helicopter rotor blade vibration reduction. Their 
results indicated that multiple surrogates can be used to locate low vibration designs which would be overlooked if 
only a single approximation method was employed. Samad et al. 49 used polynomial response surface, kriging, radial 
basis neural network, and weighted average surrogate in a compressor blade shape optimization of the NASA rotor 
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37. It was found that the most accurate surrogate did not always lead to the best design. This demonstrated that using 
multiple surrogates can improve the robustness of the optimization at a minimal computational cost. 

To illustrate the usefulness of multiple surrogates for optimization, we summarize a study of reducing vibration 
of helicopter blades in Ref.  48. They used quadratic PRS, RBNN, and KRG to approximate the vibratory loads in 
terms of 17 parameters defining the structure of the blade. They used one DOE with 283 simulations and one DOE 
with 484 simulations. Each simulation took about 8 hours of computation, but they could run 50 simulations in 
parallel on multiple processors. Fitting the three surrogates, doing the cross validation and constructing a WAS took 
about 7-10 minutes for the small DOE and 30-40 minutes for the large DOE. Optimization based on the surrogates 
took a few more minutes. It is clear that the bulk of the computation was in the simulations. Of the three surrogates, 
KRG was the most accurate, PRS was not far behind, and RBNN was the worse with errors of about double of 
KRG. Table 10 shows the accuracy of the surrogate for the vibratory loads and the vibration reduction achieved by 
each one of the surrogates for the two DOEs. It can be seen that the poorest surrogate (RBNN) was best for the large 
DOE and PRS for the small DOE. The weighted average did very well too. 

IV. Conclusions 
In this paper, we have reviewed the literature on the use of multiple surrogates. We discussed (i) the generation 

of a large set of surrogates and the use of PRESS errors as a criterion for surrogate selection; (ii) weighted average 
surrogate based on the minimization of the integrated square error; and (iii) the benefits of using multiple surrogates 
in optimization. We conclude that: 

• The most accurate surrogate for a given function depends on the design of experiments and point density. 
• The cross validation error identifies accurate surrogates well, especially as the number of points in the DOE 

increases. 
• Cost of fitting multiple surrogates and calculating cross-validation errors is low enough to use now for most 

expensive simulation problems. 
• Further gains from weighted surrogates are surprisingly limited. 
• It is advisable to optimize simultaneously with several surrogates rather than just use one. 
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Appendices 

A. Box plots 
In a box plot, the box is defined by lines at the lower quartile (25%), median (50%), and upper quartile (75%) 

values. Lines extend from each end of the box and outiliers show the coverage of the rest of the data. Lines are 
plotted at a distance of 1.5 times the inter-quartile range in each direction or the limit of the data, if the limit of the 
data falls within 1.5 times the interquartile range. Outliers are data with values beyond the ends of the lines by 
placing a “+” sign for each point. 
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Table 1. Description of different surrogate models. We denote by  the prediction of the surrogate model of the actual 

simulation, , at the point . 

( )ŷ x

( )y x 1 2

T

mx x x⎡ ⎤= ⎢ ⎥⎣ ⎦x …

Surrogate 
model 

Description 

Polynomial 
Response 
Surface 
(PRS) 

A second-order polynomial model can be expressed as: . 

The coefficients   are obtained by minimizing the root mean square (RMS) of the error. PRS 
assumes that y is a polynomial and data is contaminated by normally distributed errors.. 

( ) 0
1 1 1

ˆ
m m m

i i ij i j
i i j

y xβ β β
= = =

= + +∑ ∑∑x x x

Kriging 
(KRG) 

It estimates y as a combination of basis functions ( )if x  and departures of the form: 

( ) ( ) ( )

1

ˆ  ,
m

i i
i

y f Zβ
=

= +∑x x

( ) ( )( ) 2cov ,i jZ Z Rσ=x x

x  where Z(x) is assumed to be a realization of a stochastic process 

(usually Gaussian) with mean zero, process variance , and spatial covariance function given by 
 where R(xi,xj) is the correlation between xi and xj. KRG 

usually does not assume error in data. 

2σ
( ),  ,i jx x

Radial 
Basis 
Neural 
Networks 
(RBNN) 

The function is estimated as:  where N is the number of neurons in the 

hidden layer, ci is the center vector for neuron i, and ai are the weights of the linear output neuron. 
The norm is typically taken to be the Euclidean distance and the basis function is taken to be the 
following: 

( ) ( )
1

ˆ ,  
N

i i
i

y a ρ
=

= ∑x x ,c

( ) ( )2, expi iρ β= − −x c x c  .  

Support 
Vector 
Regression 
(SVR) 

In SVR, the aim is to find   that has at most  deviations from each of the targets of the training 

inputs. A SVR model is given by:  where  a kernel 

function, and  are different points of the original design of experiment (DOE). Parameters , , 
and b are obtained during the fitting process, which minimizes an upper bound of the expected risk 
in the training data using alternative loss functions, e.g. the quadratic and the ε -insensitive. 
Examples of kernel functions are the Gaussian radial basis and the exponential radial basis 
functions. 

ε

1

p

i=
∑( ) ( ) ( )ˆ ,  i i iy a a K∗= − +x x ,bx )( ,iK x x

ix ia ia
∗
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Table 2. Information about the set of 24 basic surrogates. For support vector regression, details about the 
kernels are given in Table 3. 

Surrogates Modeling technique Details 
1 KRG-Poly0-Exp 

2 KRG-Poly0-Gauss 

3 KRG-Poly1-Exp 

4 KRG-Poly1-Gauss 

5 KRG-Poly2-Exp 

6 KRG-Poly2-Gauss 

Krigining model 

Poly0, Poly1, and Poly2 indicate zero, first, and second 
order polynomial regression model, respectively. Exp and 
Gauss indicate general exponential and Gaussian 
correlation model, respectively. In all cases, 

, and 
. 

0 110 ndvθ ×= ×1
210 200iθ− ≤ ≤  , 1,2, ,i n= … dv

7 PRS2 Polynomial response surface Full model of degree 2. 
8 RBNN Radial basis neural network ( 20.05Goal y= )  and 1

3Spread = . 

9 SVR-Anova2-E-Full 

10 SVR-Anova2-E-Short01 

11 SVR-Anova2-E-Short02 

12 SVR-Anova2-Q 

13 SVR-ERBF-E-Full 

14 SVR-ERBF-E-Short01 

15 SVR-ERBF-E-Short02 

16 SVR-ERBF-Q 

17 SVR-GRBF-E-Full 

18 SVR-GRBF-E-Short01 

19 SVR-GRBF-E-Short02 

20 SVR-GRBF-Q 

21 SVR-Spline-E-Full 

22 SVR-Spline-E-Short01 

23 SVR-Spline-E-Short02 

24 SVR-Spline-Q 

Support vector 
regression 

Anova, ERBF, GRBF and Spline indicate the kernel 
function (ERBF and GRBF kernel functions ware set with 

). 0.5σ =
 
E and Q indicate the loss function as  and 
quadratic, respectively. 

-insensitiveε

 
Full means that C  and , while 
Short01 and Short02 mean that 

= ∞ 41 10ε −= ×
y
k

σε =  and 

( )ln3 y
k
kε σ=  , in that order, while 

( )3 yy σ−100max 3 ,yC y σ= + , where y  and  
are the mean value and the standard deviation of the 
function values at the design data, respectively. 

yσ
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Table 3. Example of kernel functions for SVR. 

Gaussian Radial Basis Function 
(GRBF) 

( )
2

2

'
, ' exp

2
K

σ

⎛ ⎞− ⎟⎜= − ⎟⎜ ⎟⎟⎜⎝ ⎠
x x

x x  

Exponential Radial Basis Function 
(ERBF) 

( ) ( )2

'
, ' exp

2
K

σ
−

= −
x x

x x  

Splines 
( )

( ) ( )( )3

, ' 1 , '

1 1
, ' min , ' min , '

2 6

K = + +

−

x x x x

x x x x x x
 

Anova-Spline (Anova) 

( ) ( )

( ) ( )

( ) ( ) ( ) ( )( )

( ) ( )( )

( ) ( )( )

( )( )

2

2 2

32 2

4

5

, ' , '

, ' 1 ' '

' min , ' ' ' min , '

1
4 ' ' min , '

3
1

' min , '
2

1
min , '

5

i i i
i

i i i i i i i

i i i i i i i i i i

i i i i i i

i i i i

i i

K K x x

K x x x x x x

x x x x x x x x x x

x x x x x x

x x x x

x x

=

= + + +

− +

+ + +

− + +

∏x x

+

 

 
 

Table 4. Set of analytical examples. 

Branin-Hoo 
function 13 
(2 variables) 

( )
22

1 1
2 12

1 2

5.1 5 1
6 10 1 cos( ) 10

84
5 10,  0 15 .

x x
y x x

x x
π ππ

⎛ ⎞ ⎛ ⎞⎟⎜ ⎟⎜⎟⎜= − + − + − ⎟ +⎜⎟⎜ ⎟⎟ ⎜ ⎟⎜ ⎟ ⎝ ⎠⎝ ⎠
− ≤ ≤ ≤ ≤

x  ,  

Camelback function 13 
(2 variables) 

( ) ( )
4
1 2 2 2

1 1 1 2 2

1 2

2.1 4 + 4 4  ,
3

3 3, 2 2 .

x
y x x x x x

x x

⎛ ⎞⎟⎜= − + + −⎟⎜ ⎟⎟⎜⎝ ⎠
− ≤ ≤ − ≤ ≤

x 2
2x  

Hartman functions 13 
(3 and 6 variables) 

( ) ( )2
1 1

exp  ,

0 1 , 1,  2,  ,  .

q m

i ij j ij
i j

j

y a b x d

x j m
= =

⎛ ⎞⎟⎜ ⎟= − − −⎜ ⎟⎜ ⎟⎜⎝ ⎠
≤ ≤ = …

∑ ∑x
 

We use two instances:  Hartman3, with 3 variables and Hartman6 with 6 variables. 
For both, q = 4 and other parameters are given in Table 5. 

Extended 
Rosenbrock 13 
function (9 variables) 

( ) ( ) ( )
1

22 2
1

1

1 100

5 10 , 1,  2,  ,  9.

m

i i i
i

i

y x x

x i m

−

+
=

 ,x⎡ ⎤= − + −⎢ ⎥⎣ ⎦

− ≤ ≤ = … =

∑x
 

Dixon-Price 
function 14 
(12 variables) 

( ) ( ) [ ]22 2
1 1

2

1 2

10 10 , 1,  2,  ,  12.

m

i i
i

i

y x i x x

x i m

−
=

= − + −

− ≤ ≤ = … =

∑x  ,
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Table 5. Parameters used in Hartman function. 

H
ar

tm
an

3 

3.0 10.0 30.0

0.1 10.0 35.0

3.0 10.0 30.0

0.1 10.0 35.0

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥= ⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎣ ⎦

B  

0.3689 0.1170 0.2673

0.4699 0.4387 0.7470

0.1091 0.8732 0.5547

0.03815 0.5743 0.8828

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥= ⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎣ ⎦

D  

H
ar

tm
an

6 
10.0 3.0 17.0 3.5 1.7 8.0

0.05 10.0 17.0 0.1 8.0 14.0

3.0 3.5 1.7 10.0 17.0 8.0

17.0 8.0 0.05 10.0 0.1 14.0

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥= ⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎣ ⎦

B  

0.1312 0.1696 0.5569 0.0124 0.8283 0.5886

0.2329 0.4135 0.8307 0.3736 0.1004 0.9991

0.2348 0.1451 0.3522 0.2883 0.3047 0.6650

0.4047 0.8828 0.8732 0.5743 0.1091 0.0381

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥= ⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎣ ⎦

D  

 

Table 6: Specifications for the DOEs, and test points for the test functions. 

Test problem # design variables #  points for fitting 
# points for test 
(in each of the 5 
DOEs) 

Branin-Hoo 2 12, 20, and 42 2000 
Camelback 2 12 2000 
Hartman3 3 20 2000 
Hartman6 6 56 2000 
Extended Rosenbrock 9 110 2500 
Dixon-Price 12 182 4000 

 

Table 7. Wall time for PRESS computation of multiple surrogates on an Intel Core2 T5500 1.66 Hz, 2Gb 
RAM laptop, running MATLAB 7.0 under Windows XP. 

Operation Branin-Hoo 
(2 variables, 12 points) 

Extended Rosenbrock 
(9 variables, 110 points) 

Fit a PRS2 0.06 sec 0.08 sec 
Fit a expensive surrogate 0.4 sec 56.6 sec 
Fit 24 surrogates 2.4 sec  6 min 
PRESS for expensive surrogate 2.2 sec 1 hour 40 min 
PRESS for all surrogates 23 sec 11 hours 

 

Table 8. Derived surrogates. 
Surrogate Definition 
BestRMSE Most accurate surrogate for a given DOE (basis of comparison for all other surrogates). 
BestPRESS Surrogate with lowest PRESSRMS for a given DOE. 
OWSideal Most accurate weighted surrogate based on the true C matrix. Depending on the surrogate selection, 

OWSideal may be less accurate than BestRMSE. 
OWS Weighted surrogate based on an approximation of the C matrix using cross-validation errors. 
OWSdiag Weighted surrogate based on the main diagonal elements of the approximated C matrix (using 

cross-validation errors). 
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Table 9. %difference in the RMSE, defined in (8), of the WAS schemes and BestPRESS for the analytical 
examples when all 24 surrogates are used in the ensemble. For the Branin-Hoo function, the number of points 
used for fitting the surrogates is varied. For the Dixon-Price function, both the full set of surrogates and a 
partial set obtained when the first three best surrogates were left out are considered and used. The sign of 
%difference indicates that there is loss (–) or gain (+) in using the specific WAS scheme when compared with 
the best surrogate of the set in terms of RMSE. 

OWSideal BestPRESS OWSdiag OWS Problem 
Median Mean StdDev Median Mean StdDev Median Mean StdDev Median Mean StdDev 

Branin-Hoo 
(12 points) 62 61 10 -26 -43 55 -35 -43 39 -119 -144 99 

Branin-Hoo 
(20 points) 69 68 10 -3 -31 61 -24 -41 55 -249 -356 374 

Branin-Hoo 
(42 points) 66 66 12 -18 -37 51 -34 -51 61 -61 -104 151 

Camelback 
(12 points) 54 55 9 -29 -35 29 -23 -42 131 -84 -181 769 

Hartman3 
(20 points) 34 34 7 -21 -28 31 -18 -24 26 -182 -205 120 

Hartman6 
(56 points) 12.3 12.7 3.3 -1.9 -5.2 8.2 -2.7 -3.9 5.2 -31 -37 24 

Extended 
Rosenbrock 
(110 points) 

20.8 21.1 4.6 0.0 -1.0 4.2 6.1 5.3 4.2 6 -13 182 

Dixon-Price 
(182 points) 9.2 9.7 2.4 0.00 0.00 0.03 -7.0 -7.3 4.9 -9 -153 1396 

 
 

Table 10. Optimization results. Each surrogate required 2-4 hours to optimize using 200,000 function 
evaluations with a genetic algorithm. Only 4 hours were required to optimize all surrogates, which is small 
compared to the 53 hours needed to generate the 283 fitting points, and 82 hours for the 484 points. 

Surrogate PRS KRG RBNN WAS PRS KRG RBNN WAS 

Sample Size 283 283 283 283 484 484 484 484 

Vibration Reduction [%] 64 54 57 71 45 56 68 68 

Error magnitudes of the 
direct approximation of 
the objective function[%] 

31 24 57 24 27 24 46 23 
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(a) Major surrogate techniques 

in all areas 
(b) Major surrogate techniques 

in Optimization. 
(c) Major surrogate techniques 

in Structural Optimization. 
Figure 1. Evolution of the number of publication for the major surrogate techniques. Data was obtained using 
the Publish or Perish software system 11 and Google Scholar 12. Figure 1-(a) shows that, in general, there was 
expressive growing of both neural networks since mid 80’s, and support vector since the beginning of this 
decade. Figure 1-(b) shows the numbers for the optimization community; where nowadays, there is no clear 
advantage for any of the surrogates. Figure 1-(c) narrows the numbers for the structural optimization 
community; where response surface seems to be the favorite technique. 

 

  
(a) Hartman6, actual function. (b) KRG, RMSE = 0.18. 

 
(c) PRS, RMSE = 0.21. 

Figure 2. Different surrogate models for the 6-dimensional Hartman6 (see Table 4) function fitted with 56 
data points. The root mean square error (RMSE) indicates the differences in performance of each surrogate. 
The contour plots show that surrogates do not agree in pointing the region of the optimum in the design 
space. 
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(a) Branin-Hoo (b) Camelback (c) Hartman3 

   
(d) Hartman6 (e) Extended Rosenbrock (f) Dixon-Price 

Figure 3: Plot of test functions. See Appendix A for details about boxplots. 

 
Figure 4. Differences of fitting due to different surrogate approaches. Among 5 points sampled from a 
straight line, one presents a significant amount of error (x = 2 and y = 3.5). It can be seen that only L1 norm is 
not affected by this.  

 

  
(a) Branin-Hoo, 12 points. (b) Branin-Hoo, 12 points. 

Figure 5. Frequency, in number of DOEs (out of 100), of best RMSE for each basic surrogate for the Branin-
Hoo function. The numbers indicate the identity as in Table 2. It can be seen that the best surrogate depends 
on the DOE even for the same problem. 
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Figure 6. The cross-validation error (CVE) at the third point of the DOE is exemplified by fitting a 
polynomial response surface (PRS) and kriging model (KRG) to five data points of the function sin(x). 

 

  
(a) Branin-Hoo, 12 points. (b) Branin-Hoo, 20 points. 

 
(c) Extended Rosenbrock, 110 points. 

  
(d) Mean value of the correlation between PRESSRMS and RMSE for all test problems. 

Figure 7. Correlation between PRESSRMS and RMSE. Figure 7-(a) to (c) show the histogram for some of the 
cases while Figure 7-(d) shows the mean for all them. In a given DOE, the correlation is computed between 
the sets of PRESSRMS values and RMSE. The correlation appears to improve with the number of points. 
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(a) Branin-Hoo, 12 points. (b) Branin-Hoo, 20 points. 

 
(c) Frequency of success in selecting BestRMSE (out of 100 experiments). 

Figure 8. Frequency, in number of DOEs (out of 100), of best RMSE for each basic surrogate. Figure 8-(a) 
and (b) show that (i) once again, the best surrogate depends on the problem and also on the DOE; and (ii) as 
the number of points increases most surrogates fall behind, i.e. the advantage of the top surrogates is more 
pronounced. Figure 8-(c) illustrates that the success of using PRESS for surrogates selection increases with 
the number of points.. 

 

 
Association for Structural and Multidisciplinary Optimization in the UK (ASMO-UK) 

 

17



 

  
(a) Median of the %difference of WAS for Branin-Hoo, 12 points (b) Median of the %difference of WAS for Extended Rosenbrock, 110 

points 
Figure 9: %difference in the RMSE, defined in (8), when using OWSideal. Figure 9-(a) and (b) illustrates the 
effect of adding surrogates to the ensemble (picked according to the PRESSRMS ranking) for the Branin-Hoo 
and Extended Rosenbrock functions (best cases in low and high dimensions, respectively).  In parenthesis, it 
is the median and standard deviation when using 5 surrogates (after which there is practically no 
improvement). While in theory the surrogate with best RMSE (BestRMSE) can be beaten (OWSideal), in 
practice, the quality of information given by the cross-validation errors makes it very difficult in low 
dimensions. In high dimension the quality permits gain, but it is very limited. See Appendix A for details 
about boxplots. 
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