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ABSTRACT 

In this work, a suite of nature-inspired 
optimization methods is applied to the design of a 
flat pressure bulkhead reinforced by an array of 
beams. The compromise between numerical 
performance and computational cost is addressed, 
calling for inexpensive, yet accurate analysis 
procedures. At this point, variable fidelity is 
proposed as a tradeoff solution. This allows faster 
linear analyses during the optimization; whilst a 
reduced set of expensive non-linear analyses are 
run “off-line”, enhancing the linear results 
according to the physics of the structure. 
Numerical results are reported, aiming at 
illustrating the success of using the proposed 
methodology, as applied to aircraft structural 
components. 

 
Keywords: Nature-inspired optimization 
methods, variable fidelity, design optimization. 

 
1. INTRODUCTION 

Cabin pressurization has allowed for cruise 
above weather conditions and landscape 
formations, meaning a significant contribution to 
air travel safety. In terms of design, additional 
complexities in systems and structures, such as 
performing and controlling the air flow associated 
with the pressurization, have to be accounted for. 
From the structural viewpoint the pressurized 
cabin of a modern aircraft are sealed pressure 
vessels containing an atmosphere of near sea level 
and whose functional requirements include [1]: (i) 
the transmission of internal and external (flight) 
loads; (ii) the necessity for non-structural cutouts 
such as doors and windows; (iii) an efficient 

shape for both aerodynamics and space allocation; 
and (iv) minimum structural weight. 

Devices called bulkheads close the extremities 
of pressurized cabins are used to achieve this aim. 
According to Niu and Niu in [2], this task should 
be performed by some kind of dome in preference 
to a flat bulkhead. It is also known, however, that 
some circumstances, mostly related to space 
availability, impose the adoption of the flat 
geometry. The importance of this distinction is 
due to the completely different mechanical 
behaviors of each of these configurations. 

A curved dome ideally tends to support the 
lateral pressures by tensile stresses alone, 
developed at its curved walls. In such a state, the 
stresses occur wholly in tangential directions at 
each point and are called membrane stresses. In 
reality, some amount of bending stiffness exists, 
leading to the development of flexural (tension + 
compression) stress fields. Such behavior 
becomes prevalent as the surface of the bulkhead 
goes flat (see details in ). The true 
bulkheads will lie somewhere in-between (and 
including) these two extremes, and maximum 
efficiency could be obtained by minimizing the 
departures from the total membrane stress system. 

Figure 1

The study developed along this work is 
therefore geared towards the non-ideal condition, 
which is a flat bulkhead. The increased challenge 
involved in performing a design based on a 
concept that is recognized not to be the easiest 
calls for advanced techniques such as numerical 
optimization. They are applied to get the most 
efficient design taking into account the 
mechanical behavior of plates in bending, briefly 
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reviewed in the next section with the purpose of 
helping with the optimization problem statement. 

Equation (1) is usually rearranged such that 
the moments are expressed as functions of the 
curvature:  
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where the generalized stiffness  is given by: D
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Analogously, the twist of the element (change 
in x -direction slope per -direction unit 
distance) can be expressed as in Eq. (4), as 
demonstrated by Den Hartog in [4]: 

y
Figure 1. a) Membrane stresses and b) Plate in 

bending. 
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 (4) 2. PLATES IN BENDING AND THE DESIGN 
AND ANALYSIS OF AIRCRAFT 
PRESSURE BULKHEADS Besides relating moments to curvatures in 

pure bending, consider the superposition of shear 
forces ( ) and transverse pressure ( ) as 
indicated in : 

Q
Although numerical models are actually used 

to account for specific geometries and boundary 
conditions, this section will pursue an analytical 
development that describes the mechanical 
behavior of plates in bending, aiming at the 
insight necessary to implement and interpret the 
results of an optimization procedure devoted to 
design a flat pressure bulkhead. 

q
Figure 2

Figure 2. Plate in bending under the action of 
transversal loads. 

 

Ideal plates can be understood as the two-
dimensional counterparts of the beams [3], since 
they resist transversal loads by bending and shear 
stresses, without mechanical action at the neutral 
surface. Referring to -(b), consider the 
initially flat plate being acted by bending 
moments (per unit length) xM  and yM  , and also 
by twisting couples ( xy yxM M= − ). As in the case 
of beams, the curvature (second derivative of the 
displacement w with respect to the spatial 
coordinates x  and ) and the applied moments 
are related to each other by the bending stiffness 
(product of the axial elasticity modulus  by the 
area moment of inertia 

y

I ). Thus, considering that 
for a unit width plate 

3
  t= 12I  and that the 

Poisson (υ ) effect induces a negative curvature at 
the plane perpendicular to the bending axis: 

 

Due to these additional lateral loads, the 
bending and twisting moments vary along the 
plate, giving rise to: 
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By summing the moments about the  and y x  
axis respectively. Similarly, by adding up the 
forces along the axis perpendicular to the plate, 
one obtains: 
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Finally, by eliminating all internal forces 
( xM , yM , xyM , xQ

w

 and ) in the above 
equations, it is possible to find a relation between 
the transverse pressure q and the transverse 
deflection field ( ), accounting for the stiffness: 

yQ
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In a typical plate bending analysis, the highly 
non-linear Eq. (7) is integrated for a specified set 
of boundary conditions. The resulting 
displacement field can then be fed back into Eqs. 
(2) to (5) to recover the stresses and internal 
forces.  

Equation (7) highlights the dominance of the 
bending stiffness in resisting the transversal 
pressure load. Using a thicker web for the 
bulkhead increases the bending stiffness, although 
this may not be the most effective choice with 
respect to structural weight. The choice of higher 
reinforcement beams is potentially better, albeit 
subject to space availability constraints in the 
direction perpendicular to the bulkhead web. Less 
efficient, but still capable of contributing 
somehow, the width and thickness of the 
reinforced beams could also be manipulated to 
increase the overall bending stiffness. A suitable 
compromise combining all of these potential 
design variables could lead to an optimum design. 

For a more realistic analysis, it should be 
considered, however, that when carrying 
transverse loads entail large (more than a few 
tenths of the plate thickness) deflections in the 
same direction (see Figure 3), the plates deform 
into curved surfaces, giving rise to mid-surface 
stresses, not considered in the derivations from 
Eq. (1) to (7). Still, the edge supports resist to the 
in-plane movements of the plates, leading to 
further membrane (mid-surface) action. 

 

 
(a) (b) 

Figure 3. Displacement post-processing indicating 
large deflections at a pressurized flat bulkhead 
reinforced by beams: (a) undeformed and (b) 

deformed. 

All in all, the already highly non-linear 
relation expressed in Eq. (7) needs to be further 
complicated by the inclusion of mid-surface 
stresses for an accurate consideration of the 

effects involved in the mechanical analysis of a 
flat bulkhead. Besides, the exact boundary 
conditions needed to integrate it are unclear, since 
the plate restraints are elastic.  

Typically, the practical approach to deal with 
calculations that involve all these complexities is 
resorting to non-linear finite element analysis. 
Within optimization, such analyses are required 
iteratively and, due to their high computational 
cost, a feasibility obstacle can arise. The next 
sections are devoted to discuss this and other 
aspects relative to the use of optimization 
techniques in the context outlined so far. 

 
3. NUMERICAL OPTIMIZATION AS A 
DESIGN TOOL 

Numerical optimization techniques have been 
widely used in design applications, since they 
take advantage of computer automation 
capabilities through a set of mathematical 
methods that operate according to the following 
formulation [5]: 

 ( )( )x,min F Xma  (8) 
subject to: 
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The vector  is called vector of design or 
decision variables (whose initial values are 
denoted as ), and all the functions (0 F , G  and 
H ) involved in the optimization problem depend 
upon these variables.  

Since the initial guideline of the formulation is 
finding the extreme value of a function, a natural 
development along the history of optimization is 
the use of methods that rely on function 
derivatives to accomplish this task. Although 
successful in a myriad of applications, derivative 
based methods face limitations when the 
numerical conditioning of the design space (i.e., 
functions F , G  and H ) worsens. To operate 
under such conditions, a set of derivative free, 
statistics based optimization methods have been 
proposed, and one of them, used in this work, is 
the subject of the following section. 

 
4. LIFECYCLE MODEL 

LifeCycle is inspired in the concept of life 
cycle [7]. In biology, the term refers to the 
passage through the phases during the life of an 
individual. As life phases, can be cited the sexual 
maturity and the mating seasons, for example. As 
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it happens in nature, the ability of an individual to 
actively change its own phase or stage in response 
to its success in the environment is the main 
inspiration for LifeCycle. In fact, the idea behind 
LifeCycle is to use the transitions to deal with the 
mechanism of self-adaptation to the optimization 
problem. The objective function offers a criterion 
used by each individual to shift to another life 
stage. To close the definition, LifeCycle stages 
must be presented. In the present work, two 
heuristics are used as stages, namely Genetic 
Algorithms (GA) and Particle Swarm 
Optimization (PSO). Other versions of the 
LifeCycle can be proposed by considering other 
heuristics and a mix of them, as shown in [7]. A 
LifeCycle outline follows as: 

 
1) Initialize the algorithm parameters for the GA 

and PSO. 
2) Evaluate the fitness for all individuals. 
3) If there is no recent improvement, switch the 

LifeCycle stage (change from PSO to GA, 
from GA to PSO). 

4) For all PSO particles, run the PSO algorithm. 
5) For all GA individuals, run the GA 

algorithm.  
6) Go to step 2 and repeat until the stop criteria 

is achieved. 
 
There is a parameter inherent to the LifeCycle, 

namely the number of iterations that represents a 
stage of the LifeCycle, called as stage interval. At 
the end of each stage interval, the less well-
succeeded individuals must change their stage in 
order to improve their fitness. During the 
optimization procedure the individuals of each 
subpopulation commute to the other in such a way 
to improve its own fitness. In other words, it is the 
mechanism of self-adaptation of the optimization 
problem that rules the procedure. 

To learn more about LifeCycle see [6]-[8]. 
 

5. SURROGATES AND VARIABLE 
FIDELITY MODELS APPLIED TO 
OPTIMIZATION IN ENGINEERING 

As a way to reduce the computational cost, the 
use of surrogates or approximations to represent 
the functions involved in an optimization problem 
has become an established approach. The 
statistical procedure used to generate them can be 
summarized as follows [9]-[11]: 

 
1) Experimental design: a design space, 

including a range of design possibilities, is 

sampled in order to reveal its contents and 
tendencies. 

2) Choice of a model: the nature of the surrogate 
itself is determined, taking into account that 
relations contained in the data gathered in the 
previous step have to be symbolically 
represented, as accurated as possible. 

3) Model fitting: the model whose shape is 
defined in “2” is fitted to the data collected in 
“1”. The most popular fitting technique is 
based on ordinary least-squares regression, 
creating polynomial approximations known 
as Response Surface Models (RSMs). 

4) Verification of model accuracy: the three 
precedent steps are sufficient to build a first 
tentative model, whose overall quality and 
usefulness has to be evaluated by adequate 
sets of metrics. Each combination of design 
space sampling, model choice and fitting 
procedure leads to the use of specific 
verification procedures. 

 
Even though RSMs alleviate the use of 

optimization techniques, constructing them may 
still require a significant number of analyses to be 
performed. When high fidelity analysis results are 
used in constructing RSMs, the computational 
cost associated with generating them becomes 
huge as the number of design variables increases. 
On the other hand, if low fidelity analysis results 
are used in constructing RSMs, then the accuracy 
becomes a problem. Under these conditions, a 
multi-fidelity approach can be used to refrain 
computational cost with an acceptable accuracy. 
Giunta et al in [12] used variable complexity (or 
fidelity) response surface modeling in wing 
design of a high-speed civil transport aircraft to 
overcome computational expense. They used low, 
medium and high fidelity aircraft analysis 
methods in that low fidelity methods include 
algebraic expressions for estimating lift and drag, 
medium fidelity methods include linear theory 
aerodynamic analyses, and high fidelity methods 
include Navier-Stokes equations. 

In the context of this paper, low fidelity 
analysis means the use of relatively coarse 
meshed linear static finite element models, such 
as those usually intended for global structural 
analysis (for determination of load paths 
accounting for the stiffnesses of the structural 
components). The bulkhead web is represented by 
plate elements and the reinforcements by beams. 
High fidelity calculations, on their turn, are 
performed with much more refined models, 



Inverse Problems, Design and Optimization Symposium 
Miami, FL, 2007 

suitable for non-linear static analyses. In this case, 
all details are represented through plate elements, 
including the reinforcing beams. 

Low fidelity models are used at the core of the 
calculations needed for the optimization 
procedure. Surrogates written with respect to the 
design variables represent the error between low 
and high fidelity analyses, mapping it in all 
regions of the design space. 

Therefore, response surface equations are 
responsible for varying the fidelity of the function 
evaluations performed by the optimizer. Each low 
fidelity calculation (i.e., linear finite element 
analysis) is updated by means of the correction 
surfaces. This allows for rational use of CPU 
resources, since the majority of the calculations 
will be linear, and just the necessary to adjust the 
response surface will actually be non-linear.  

The following rationale, should further clarify 
the purposes of the variable fidelity approach: 

 
1) At first, the ideal scenario might seem to be 

the direct coupling of the optimizer and the 
high fidelity non-linear analysis, because it is 
accurate and does not have statistical fitting 
limitations. However, the computational 
overhead and the possibility of numerical ill-
conditioning of the design space often 
prevent this approach to be applicable. 

2) In view of these drawbacks, a common 
alternative is coupling the optimizer to a 
statistical surrogate of the non-linear 
analyses, which has the potential to reduce 
computational cost and improve the 
numerical conditioning. In this case, 
statistical fitting problems may appear, 
mainly with global regression 
approximations such as the RSM. 

3) In another scenario, if the optimization is 
performed directly over the linear models, 
lack of accuracy due to their low fidelity may 
occur. This approach would be advantageous 
from the viewpoint of computational cost and 
absence of statistical inaccuracies, since 
surrogates are not used. 

4) Weighting the strengths (low computational 
cost, fidelity accuracy and statistical 
accuracy) and the weaknesses (long runtimes, 
low fidelity and statistical limitations) that 
characterize one or another of the previous 
approaches, variable fidelity can be most 
suitable strategy: 

a) Low fidelity analysis is coupled directly 
to the optimizer, ensuring faster 

computations and lack of statistical 
inaccuracies. 

b) The constructed surrogate is not intended 
to model the design space, but the error 
between two homologous design spaces, 
for the same quantity evaluated at 
different fidelity levels. Statistical 
inaccuracies may occur with surrogates of 
a given response because all the points 
used to construct it have to be, in 
principle, uncorrelated. For modeling the 
error, the situation is much more 
advantageous, since a natural correlation 
arises from the fact that the error results 
from different computations held at the 
same point. As an effect, surrogates for 
the error tend to be more accurate for a 
given number of design variables and 
sampled points. 

Table 1. Design approach comparison. 
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dependent Better 
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4 
(Variable 
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Low Low, but 
corrected Better Better 

 
6. CASE STUDY: NUMERICAL 
OPTIMIZATION OF A PRESSURE 
BULKHEADS 

The optimization framework based on 
heuristic methods and variable fidelity analysis is 
tested through a case study focused on a flat 
reinforced pressure bulkhead.  to  
contain some design data. 

Table 2

Table 2. Pressure bulkhead description. 

Table 4

Web material Al 2024 
Number of horizontal 
reinforcement beams 

3 

Number of vertical 
reinforcement beams 

5 

Reinforcement beams material Al 7050 
Pressure differential Equivalent to 

30000 ft 
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Table 3. Design variables values normalized by 
the bulkhead diameter. 

Table 3

• ( )kF X is the  response of interest, in a total 
of  K . 

• ( )kF ∗ X  is the target value of the   response. 
Design Variable Lower 

Bound Baseline Upper 
Bound 

 – Width of 
reinforcement beams 

0.01 0.02 0.03 

 – Height of 
reinforcement beams 

0.040 0.05 0.06 

 – Thickness of 
reinforcement beams 

0.0008 0.0012 0.0016 

 – Web thickness 0.0008 0.0012 0.0016 

1V
• ( )pkF X  is the worst value accepted for the   

response. 
2V •  is the weighting factor applied for the  

response of interest. 
kW

3V

4V

 
It should be noted that the target values are 

chosen to be 80% of the initial ones (since all of 
them are quantities to be minimized) and the 
weighting coefficient for the bulkhead mass is 
increased to 2.5. The baseline responses are 
chosen as the worst accepted values, forcing the 
optimizer to move away from them, in a clear 
attempt to improve the design from its initial 
status. Each of the responses present in Eq. (10) is 
calculated through a linear static finite element 
analysis and corrected by the response surfaces 
that correlate their results to those that would be 
obtained by means of non-linear analyses. 

Table 4. Baseline design response values selected 
to participate of the optimization problem 

statement. 

Responses Baseline 
Value 

Target 
Value 

 – Ratio of maximum 
ultimate tension stress at 
the reinforcement beams 
with respect to allowable 

1.01 0.8 

 – Ratio of minimum 
ultimate compression stress 
at the reinforcement beams 
with respect to allowable 

0.85 0.68 

 – Web maximum 
misplacement, normalized 
with respect to the 
bulkhead diameter 

0.116 0.928 

 – Maximum limit 
tension stress with respect 
to yield limit 

0.19 0.15 

 – Bulkhead Mass 22.5635 18.050
8 

1R

2R

3R

Since the involved design space is dependent 
on the four design variables listed in , the 
error response surfaces are four dimensional 
second degree polynomial equations obtained by 
least squares. The samples for the regression are 
generated through a Central Composite Design 
(CCD), which demanded 26 finite element runs 
(both linear and non-linear). Following this 
procedure, the RSMs for the errors in responses 

 to , named accordingly as  to , are 
as shown bellow: 

1R 4R 1E 4E

4R

5R

 

2

2

2

1 3.07513 1.57573 1
0.41144 1 0.75861 2
0.11233 2 0.97382 3
0.23423 3 0.23060 4
0.18688 1 2 0.32223 1 3
0.23890 1 4 0.14728 2 3

E V
V V
V V
V V
V V V V
V V V V

= − + × +

− × + × +

− × + × +

− × + × +
− × × − × × +
− × × − × ×

 (11) 

 
These responses are combined into a 

functional whose minimization ensures that all of 
the responses tend to a target value and depart 
from a non-desirable one. The target and 
avoidable values are not necessarily design goals, 
but play an important role at the optimization 
problem by defining the tendency of the sought 
optima with respect to the baseline design. This 
scheme is known as Compromise Programming 
[5]. A simple unconstrained minimization is 
performed, easing the implementation of the 
heuristic techniques. 

 
2

2 5.09962 1.68555 1
1.33653 2

.96027 3 0.63840 3
0.29912 1 2

E V
V
V V

V V
0

= − + × +
× +

× − ×
− × ×

 (12) 

 ( )
( ) ( )( )
( ) ( )

2

1

K
k k k

k pk k

W F F
J

F F

∗

∗
=

 −
 =
 − 

∑
X X

X
X X

 (10) 
 

2

3 7.77607 0.41315 2
5.39596 4 2.36998 4

E V
V V

= − + ×

+ × − ×
 (13) 

where: 
• J X  is a compromise objective function. ( )
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  (14) 
2

4 18.5759 2.6548 1
1.2855 2
2.4576 3
6.3808 4 1.2053 4
1.0776 1 3

E
V
V
V V
V V

= − − ×
− ×
− ×

+ × − ×
− × ×

V

The adjusted multiple correlation coefficients, 
primary measures of the statistical accuracy of 
these error-predicting models, are given in 
. It can be verified that, as expected from the 

theoretical analysis, the error RSMs adjust very 
well to the data. As a consequence, the estimated 
response values (linear analysis + error 
correction) and the actual non-linear results have 
significant correlations in the case of all four 
responses of interest, as shown in . In this 
kind of analysis the mass is omitted because its 
fidelity does not depend on whether the 
calculations are linear or non-linear and eventual 
small differences are due to rounding and 
truncation only. 

Table 
5

Table 5. Coefficient of multiple correlations of 
the error response surfaces. 

Figure 4

Figure 4. Correlation between estimated and 
actual values at the points used to train the error 

RSMs. 

Figure 4
As a final verification, the data present in 

 (which correspond to the 26 runs of the 
CCD) have been used to calculate two sets of 
correlation coefficients, as shown in . All 
sets of data move in the same direction (positive 
correlations) and, in general, the correlation is 
higher when the correction RSMs are superposed 
to the linear results. 

Table 6

Table 6. Correlation coefficients of non-corrected 
and corrected linear results with respect to actual 

non-linear results. 

Response 

Uncorrected 
linear to non-
linear 
correlation 
coefficients 

Corrected 
linear to non-
linear 
correlation 
coefficients 

1R  51,32% 66,64% 
2R  28,94% 79,28% 
3R  87,86% 70,09% 
4R  61,26% 94,62% 

 
Given that the error RSMs have demonstrated 

good predicting capabilities, it is now safe to 
perform the intended optimization procedures.  adjusted R2 (%) 

 99.0 
 96.0 
 98.2 
 95.2 

1R  
2R 7. RESULTS AND INTERPRETATION 
3R  
4R

 

  
(a) (b) 

  
(c) (d) 

Figure 5

Figure 5. Optimization history for LifeCycle. 

 shows the performance and 
convergence of the tested algorithms for an 
arbitrary run executed with LifeCycle. In order to 
validate these results, the final design values are 
taken as a reference and fed back into a finite 
element model to perform a non-linear analysis, 
as shown in . Table 7
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Table 7. Optimum design response values. 

Optimum Value 
Response Baseline 

Value Non- 
linear 

Linear 
corrected

Optimization
Effect (%) 

 1.0118 0.9059 0.9220 -10.5 
 -0.8503 -0.6487 -0.6627 -23.7 

 116.0 117.5 109.4351 +1.3 
 0.1956 0.1746 0.1746 -10.7 
 22.56 20.95 21.8226 -7.2 

1R
2R

33 10R −×
4R
5R

 
 

8. CONCLUSIONS AND OUTLINE OF 
FUTURE RESEARCH 

The four nature-inspired methods that have 
been applied converged in the sense of pointing 
out the same region of the design space as a 
candidate to contain the most suitable design. 
This means that these techniques can be used for 
an initial exploration of the design space, with the 
purpose of identifying the improvement trends 
and ruling out the inadequate design choices. It 
should be noted, however, that due to the 
statistical nature of these methods, the results are 
uncertain. In order to overcome these 
uncertainties, the mean of the obtained results can 
be used as an initial guess for gradient-based 
techniques, which lead to deterministic optima. 
This kind of procedure will be the subject of 
further research effort. 

Application of computer intensive heuristic 
techniques coupled with highly non-linear 
analyses has been enabled by the use of the 
variable fidelity approach. As expected, the error 
RSM, responsible to perform the fidelity 
variation, resulted very effective by taking 
advantage of the natural correlation that arises 
from performing different calculations, but at the 
same point of the design space. 
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