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Abstract 
 
Aiming at eliminating the dependency on a mesh of the classical modelling 
methods, meshless methods have been developed in recent years. Additionally, 
research in meshless methods allied to probabilistic analysis needs much attention. 
In this context, this paper presents a reliability procedure that couples first and 
second order reliability methods and heuristic-based optimization method with an 
element-free Galerkin method. Numerical applications in statics problems are used 
to illustrate the applicability and effectiveness of proposed methodology. These 
examples consist in a bar and a beam whose load, material and geometrical 
parameters are considered as random variables. The results show that the predicted 
reliability levels are accurate in comparison with similar approach that uses 
analytical and finite element analysis to evaluate the limit state functions. 
 
Keywords: meshless methods, gradient-based reliability methods, heuristic based 
reliability method. 
 
 
1  Introduction 
 
The need to account for uncertainties has long been recognized in order to achieve 
reliable design of structural and mechanical systems and to provide the necessary 
computational framework for describing structural response and reliability analysis. 
In this context, reliability structural analysis intends to find the best compromise 
between cost and safety and to supply guidelines for carrying-out reliable and cost-
effective projects, accounting for the statistical variability of the design parameters 
[1]. 
 

The underlying structure of the classical mesh-based methods, such as finite 
elements, strongly depends on the reliance on a mesh in the simulation of the 
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mechanical problem. In computational mechanics, classical mesh-based methods 
find also difficulties in the simulation of problems with movable geometry and/or 
boundary conditions, such as manufacturing processes involving large deformations, 
crack propagation and simulations of failure [2]. The most viable strategy for 
dealing with moving discontinuities is the re-mesh of the model structure. This 
process usually leads to degradation of accuracy and complexity in the computer 
programs, and often results in an excessive computational cost. 
 

Unlike finite element methods, mesh-free methods do not require a structured 
mesh; instead, only a scattered set of nodal points is required in the domain of 
interest [3]. In recent years, much attention has been focused on meshless or mesh-
free methods, such as Smooth Particle Hydrodynamics (SPH) [4], the Diffuse 
Element Method (DEM) [5], the Element-free Galerking (EFG) method [2], [6], [7] 
and [8], H-p Clouds (HPC) [9], the Partition of Unity Method (PUM) [10] and 
Reproducing Kernel Particle Method (RKPM) [11] and [12] to solve solid 
mechanics problems since no element connectivity data are needed. These methods 
employ new approximation theories, which allow the resultant shape functions to be 
constructed entirely in terms of arbitrarily placed nodes. The objective of meshless 
methods is to eliminate the mesh-dependent structure of the classical mesh-based 
methods, by constructing the approximation entirely in terms of nodes [6]. Thus, the 
meshless character of these approaches expedites the description of the evolving 
discrete model. 

 
Since the beginning of 1990 decade, the meshless methods have experienced a 

strong development in computational mechanics but most development has been 
focused on deterministic problems. Research in meshless methods that consider 
probabilistic analysis have not received much attention. The developed methods 
provide an attractive alternative to finite element method for solving stochastic 
mechanics problems considering reliability structural analysis. Research in 
stochastic meshless methods for solving linear-elastic problems involving spatially 
varying random material properties are presented in [8], [13] and [14]. Recently, 
Rahman and Rao ([3] and [15]) presented a stochastic EFG method for probabilistic 
analysis of linear-elastic structures with random material properties. In this context, 
reliability analysis using meshless methods presents a rich, relatively unexplored 
area for research in computational stochastic mechanics. 

 
Among meshless methods, EFG method is particularly appealing due to their 

simplicity and a formulation that corresponds to the well-established Finite Element 
Method (FEM) [3]. 

 
A reliability analysis methodology that couples first and second order reliability 

method and natured-inspired optimization methods with meshless methods 
(specifically the element-free Galerkin method) is presented to predict the reliability 
level of simple structures. Simple numerical examples based on linear elasticity 
problems that involve random properties are presented in order to demonstrate the 
applicability, accuracy and efficiency of the proposed method. 
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2  Element-free Galerkin formulation 
 
Before describing the EFG method, it is present briefly the governing equations for 
an incompressible, elastic and isotropic medium. Considering the following two-
dimensional problem of solid mechanics Ω  bounded by Γ : 
 
  0=+∇ bσ  in  Ω                       (1) 
 
where is σ  the stress tensor, which corresponds to the displacement field 

{ }Tvu=u , b the body force vector, and ∇  is the divergence operator. The 
boundary conditions are given as follows: 
 
  t=n.σ  on the natural boundary tΓ ,                (2) 
 

uu =  on the essential boundary uΓ                 (3) 
 
in which the superposed bar denotes the prescribed traction and displacement 
boundary values and n is the unit outward vector normal to the boundary Gamat. 
 
 The variational or weak form of the equilibrium equation (Equation 1) is posed as 
follows. Consider trial functions ( ) 1H∈= xu  and Lagrange multipliers 0H∈λ  for 
all test functions ( ) 1H∈= xvδ  and 0H∈δλ , as follows [16]: 
 
  ( ) ( ) 0.... =Γ−Γ−−Γ−Ω−Ω∇∫ ∫∫∫∫

Ω ΓΓΓΩ uut

ddddd TTTTT
S λδδδδσδ vuutvbvv     (4) 

 
Then the equilibrium (Equation 1) and the boundary conditions (Equations 2 and 

3) are satisfied. Here T
S v∇  is the symmetric part of Tv∇ ; 1H  and 0H  denote the 

Hilbert spaces of degree one and zero, respectively. It is observed that the trial 
functions do not satisfy the essential boundary conditions, so that they are imposed 
with Lagrange multipliers [16]. 

 
The EFG method employs recently developed approximation theories that permit 

the resultant shape functions to be constructed entirely in terms of arbitrarily placed 
nodes [3]. 
 
 
 
 
2.1 Moving least-square approximations 
 
In this section a brief for MLS is given. More details are referred to in references [6] 
and [16].  The moving least-squares interpolation is defined in a domain by: 
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( ) ( ) ( ) ( ) ( )xaxpxxxu ∑
=

==
n

j

T
jj

h ap
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                 (5) 

 
where ( ) 11 =xp  and ( )xjp  are monomials in the space coordinates [ ]yxT =x  so 
that the basis is complete. A linear basis in one and two dimensions can be given by: 
 

( ) [ ]xT 1=xp , 2=m    and  ( ) [ ]yxT 1=xp , 3=m        (6) 
 

The coefficients ( )xja  in Equation (5) are also functions of x ; ( )xa  is obtained 
at point x  by minimizing a weighted discrete least-squares norm as follows: 
 

( ) ( ) ( )[ ]∑
=

−−=
n

I
II

T
I uwJ

1

2xaxpxx                 (7) 

 
where n  is the number of points in the neighborhood of x  (called the domain of 
influence of x ) for which the weight function ( ) 0≠− Iw xx , and Iu  is the nodal 
value of u at Ixx = . 
 
 The stationarity of J  with respect to ( )xa  leads to the following linear relation: 
 

( ) ( ) ( )uxBxaxA = ,  or  ( ) ( ) ( )uxBxAxa 1−=             (8) 
 
where ( )xA  and ( )xB  are the matrices defined by: 
 

  ( ) ( ) ( ) ( )∑
=

−=
n

I
I

T
IIw

1

xpxpxxxA ,                 (9) 

 
( ) ( ) ( ) ( ) ( ) ( ) ( )[ ]nnwww xpxxxpxxxpxxxB −−−= ...2211 ,     (10) 

 
[ ]n

T uuuu ...210=u                  (11) 
 

Substituting (8) in (5), it is possible write: 
 

( ) ( ) ( )uxxxu Φ=Φ= ∑
=

n

I
II

h u
1

                     (12) 

 
where the MLS shape function ( )xIΦ  is defined by: 
 

  ( ) ( ) ( )( ) I
T

m

j
jIjI p BApxBxAxx 1

0

1 −

=

− ==Φ ∑             (13) 



5 

It can be found from the above discussion that the MLS does not pass through the 
nodal parameter values. Therefore the MSL shape functions given in Equation (13) 
do not, in general satisfy the Kronecker delta condition. Thus: 

 

  ( )
⎩
⎨
⎧

≠
=

=≠Φ
ji
ji

ijji     ,0
    ,1

δx                   (14) 

 
2.2 Shape functions 
 
The EFG method modifies the weight functions to construct an approximation 
which is capable of reproducing the linear basis (Equation 2). This approximation is 
based upon MLS in curve and surface fitting [17].  
  
 The shape function in Equation (13) is constructed as: 
 
  ( ) ( ) ( )xBxx I

T
I γ=Φ                     (15) 

 
in which: 
 
  ( ) ( ) ( )xpxAx 1−=γ                     (16) 
 
 The derivatives of  ( )xγ  are computed similarly: 
 
  ( ) ( )γγ xxx ,,

1
, ApAx −= −                   (17) 

 
The vector ( )xγ  is determined using an LU decomposition of A followed by back 

substitution, leading to a computationally efficient procedure for computing the 
derivates of ( )xuh . 

 
In this work, it is used the following cubic spline weighting function [16]: 
 

( )
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in which r  is the radius of the domain of influence. The tensor product of weighting 
functions at any point is defined as: 
 

( ) ( ) ( )yxI rwrww .=− xx                   (19) 
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where ( )xrw  or ( )yrw  is given by Equation (18) with r  replaced by xr  or yr  
respectively. These parameters are: 
 

  
mx

I
x d

xx
r

−
= ,    

my

I
y d

yy
r

−
=               (20) 

 
where xImx cdd max=  and yImy cdd max= . The parameter maxd  is a scaling parameter 
which is typically 2.0-4.0 for static analysis and xIc  and yIc  are determined at a 
particular node by searching for enough neighbor nodes such that the A is non-
singular everywhere in the domain, and thus invertible. If the nodes are uniformly 
spaced, the values xIc  and yIc  correspond to the distance between the nodes in the x 
and y directions, respectively. 
 

 
2.3 Discrete equations 
 
In order to obtain the discrete equations form the weak form (Equation 4) the 
approximate solution u  and test function vδ  are constructed according to Equation 
(12). The Lagrange multiplier λ  is expressed by: 

 
 ( ) ( ) II sN λλ =x ,   uΓ∈x                 (21) 
 
 ( ) ( ) II sN δλδλ =x ,  uΓ∈x                 (22) 

 
where ( )sNI  is a Lagrange interpolant and s  is the arc-length along the boundary; 
the repeated indices designate summations. The final discrete equations can be 
obtained by substituting the trial functions, test functions and Equations (21) and 
(22) into the weak form (Equation 4), yielding the following system of linear 
algebraic equations [6] and [7]: 
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q
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where: 
 

  ∫
Ω

Ω= dJ
T
IIJ DBBK ,                    (24) 

 

ΓΦ−= ∫
Γ

d
u

KIIK NG                     (25) 
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in which a comma designates a partial derivative with respect to the indicated spatial 
variable, E  and ν  are Young’s modulus and Poisson’s ratio, respectively. 
 
 
 
3  Reliability analysis 
 
Since the design parameters are considered as random variables, the satisfactory 
performance of a system can not be absolutely guaranteed. However, it can be 
expressed in terms of the probability of a certain failure criterion to be satisfied. In 
engineering terminology, this probability is called reliability and their counterpart, 
the fault probability. Thus, reliability is defined as the probability related to a perfect 
operation of a system (within the bounds specified by the design) during a pre-
defined period in normal operation conditions [1]. 
 

Defining the design variables iX  of the structure and a limit state function 
expressed as ( )iXgZ =  which delimits the surface of failure (defined by the 
condition 0=Z ), the safe region ( 0>Z ) and unsafe region ( 0<Z ) of the design 
space in which the failure occurs. The failure probability is calculated as: 
 
  ( )

( )
∫

<

=
0iXg

iXf dxXfP                               (31) 
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where ( )iX Xf  is the joint probability density function (PDF) of the design 
variables. 
 

In practice, it is impossible to obtain the joint PDF in Equation (31) because of 
scarcity of statistical data. Even in the case where statistical information may be 
sufficient to determine these functions, it is often impractical to perform numerically 
(Equation 31). Moreover, the number of random variables is high; these variables do 
not appear explicitly in the performance function and there may be correlation 
among the design variables. These difficulties have motivated the development of 
various approximate reliability methods [18]. 
 

The main approaches to solve this equation are direct integration of PDF over the 
failure domain, analytical approximations such as the first and second order 
reliability methods (FORM and SORM, respectively). These methods use an 
optimization approach and are close to the methodology presented in this paper. 
Because of that, they are briefly reviewed in the following section. 
 
3.1 Reliability index estimation as a general optimization problem 
 
In traditional deterministic design optimization, the optimization problem is 
generally formulated in the physical space of the design variables and consists in 
minimizing or maximizing an objective function subject to geometrical, physical or 
functional constraints in the form: 
 
  { }( )yfmin                                  (32) 
 
subjected to { }( ) 0≤ygk , where { }y  designates the vector of deterministic design 
variables. 
 

In reliability analysis, which involves random variables { }x , the deterministic 
optimal solution is not considered the exact solution of the optimum design but is 
one of the most probably design. In this case, the failure surface or limit state 
function is given by { }{ }( ) 0, =yxG . This surface defines the limit between the safe 
region { }{ }( ) 0, >yxG  and unsafe region of the design space. The failure occurs when 

{ }{ }( ) 0, <yxG , and the failure probability is calculated as { }{ }( )[ ]0, ≤= yxGprobPf . 
 

The reliability index β  is introduced as a measure of the reliability level of the 
system and is estimated in the so-called reduced coordinate system, where the 
random variables { }u  are statistically independent with zero mean and unit standard 
deviation. Thus a pseudo-probabilistic transformation { } { }{ }[ ]yxTu ,=  must be 
defined for mapping the original space into the reduced coordinate system (see [19]). 
Considering that the probability density in the reduced space decays exponentially 
with the distance from the origin of this space, the point with maximum probability 
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of failure (most probable point) on the limit state surface is the point of minimum 
distance from the origin. The reliability index is thus defined as the minimum 
distance between the origin of the reduced space and the hyper surface representing 
the limit state function { }{ }( )yuH , . Hence, it is possible to find the most probable 
point or design point by solving a constrained optimization problem that is: 
 

  ∑
=

=
n

i
iu

1

2minβ                                (33) 

 
subjected to safety constraints: 
 
  { } { }( ) 0, =yuH                        (34) 
 

By formally introducing a cumulative density function ( Φ ) of the normal 
probability distribution function, the first order approximation (tangent plane at the 
most probable point-MPP) to fP  can be written as [1]: 
 
  ( )βΦ=fP                        (35) 
 

This corresponds to the substitution of the hyper surface by the hyper plane 
passing through the point defined by iu . 
 
3.2 Assessment by first and second order reliability methods 
 
FORM and SORM can be considered as gradient-based methods since they demand 
the evaluation of the partial derivatives of the limit state function with respect to the 
random variables at each iteration step. 
 

FORM is based on linear (first order) approximation of the limit state surface 
tangent to the most probable point of the failure surface to the origin of a reduced 
coordinate system. Thus, the random variables are transformed to reduced variables 
in a reduced coordinate system. For estimating the reliability index based on FORM 
one can use the algorithm suggested in [20] in which the limit state function does 
not need to be solved because a Newton-Raphson type recursive algorithm is 
introduced to find the design point [21]. This algorithm has been widely used in the 
literature [1]. 
 

SORM estimates the probability of failure by using a nonlinear approximation of 
the limit state function by a second order representation. The curvatures of the limit 
state function are approximated by the second-order derivatives with respect to the 
original variables. Thus, SORM improves FORM by including additional 
information about the curvature of the limit state function through a curvature 
parameter. SORM was explored in [18] using quadratic approximations. In that 
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work the authors use a simple closed-form solution for the computation of failure 
probability using a second-order approach given by [22]  based on the theory of 
asymptotic approximation. 

 
It is important to notice that the most probable point of FORM and SORM are the 

same. Additionally, SORM uses as initial value the reliability index value estimated 
through FORM. Zhao and Ono [23] and Rojas et al. [24] give more details of these 
classical techniques. 
 
 
 
 
 
3.3 Reliability assessment by heuristic based method 
 
The solution of the optimization problem given by Equation (20) by using classical 
gradient-based optimization methods is not a simple task due to the existence of 
local minima in the design space and the necessity of computation of the gradients 
(partial derivatives). The existence of multiple MPPs is similar to multiple local 
minima in optimization. The solutions of many problems in structural optimization 
can be considered to be satisfactory once a local minimum is reached. However, this 
is an unacceptable procedure in reliability analysis since the local MPP may not 
represent the worst failure scenario and the actual failure may occur below the 
predicted level. Hence, only the global MPP represents the actual structural 
reliability [25]. 
 

Another difficulty that must be remembered is that traditional methods FORM 
and SORM require an initial guess of the solution (reliability index and random 
variables) and it is not always possible to assure global convergence. These aspects 
motivated the authors of this paper to explore an alternative approach for estimation 
of reliability index, which do not require the computation of gradients of the limit 
state function and are intrinsically based on multidirectional search. In this work the 
authors use the approach that uses Finite Element analysis and EFG method to 
evaluate implicit limit state functions and is based on a heuristic based reliability 
method (HBRM), which allows the use of optimization methods such as Genetic 
Algorithms ([26] and [27]), Particle Swarm Optimization [28] and Ant Colony 
Optimization [29]. It is believed that such approach can circumvent some of the 
difficulties mentioned above, and thus lead to improved results of reliability 
analysis.  

 
Taking into account the performance of HBRM, it was observed that this 

methodology is able to handle multiple limit state functions based on numerical 
models and probabilistic variables related to geometrical, load and material 
properties parameters. Rojas et al. [30] give more details of HBRM. Specifically the 
numerical applications use the ACO. The following section discusses the main ideas 
about this heuristic technique. 
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4  Ant colony optimization 
 
ACO, introduced by Marco Dorigo in his doctoral thesis in 1992 [31], is a 
probabilistic technique for solving computational problems, which can be reduced to 
finding good paths through graphs. This technique follows some basic concepts, as 
presented below [32]: 
 

• Search performed by a population of ants, i.e., by simple independent agents 
in a incremental construction of solutions.  

• Probabilistic choice of solution components based on stigmergic information 
of pheromone. A stigmergic process is the process through which the result 
of a worker insect’s activity acts as a stimulus to further activities.  

• No direct communication between ants. 
 

ACO is inspired by the behavior of real ants and their communication scheme by 
using pheromone trails [31]. A moving ant lays some pheromone on the ground, 
thus marking the path. The collective behavior that emerges from the participating 
agents is a form of positive feedback where the greater the number of ants that 
follow a trail, the more attractive that trail becomes. When searching for food, real 
ants start moving randomly, and upon finding food they return to their colony while 
laying down pheromone trails. This means that, if other ants find such a path, they 
return and reinforce it. However, over time the pheromone trail starts to evaporate, 
thus reducing its attractive strength. When a short and a long path are compared, it is 
easy to see that a short path gets marched over faster and thus the pheromone 
density remains high. Thus, if one ant finds a short path (from the optimization point 
of view, it means a good solution) when marching from the colony to a food source, 
other ants are more likely to follow that path, and positive feedback eventually 
encourages all the ants to follow the same single path. 
 

The idea behind ACO is to mimic this behavior by using artificial ants. The 
outline of a basic ACO algorithm is as follows: 
 

1. Define the ACO parameters (trail weight, initial trail value, etc.). 
2. Create an initial colony (it just allocates memory). 
3. Put the entire colony in the nest. 
4. For all ants do a complete tour (go from nest to food). 
5. Update the pheromone trail. 
6. Go to step 3 and repeat until the stop criteria is achieved. 

 
Details about how ACO is implemented can be obtained from [31], [32] and [33]. 

 
5  Numerical applications 

 
In this section are presented two numerical examples based on one and two-
dimensional problems in linear elastostatics. In both cases, a linear basis function 
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and numerical integration involved four-point Gauss quadrature was used in 
meshless calculations. FORM, SORM and HBRM coupled to EFG method were 
used to calculate reliability parameters. 
 
 
 
5.1 Cantilever bar 

 
Consider a bar fixed-free of length L, which is subjected to a linear body force 
distribution f(x)=x in the direction x, as shown in Figure 1. The bar has a unit cross-
sectional area ( htA .= ). A meshless discretization involving 22 uniformly spaced 
nodes is shown in Figure 1. 

 
 
 

 
 
 
 
 
 

Figure 1: Bar fixed-free. 
 
 

5.1.1   Model validation 
 

The equilibrium equation and boundary conditions for this problem are given by 
[34]: 
 
  0, =+ xE xxu    10 << x  
  ( ) 00 =u                         (36) 
  ( ) 01, =xu  
 
 The analytical (exact) solution to the above problem is given by: 
 

  ( ) ⎥
⎦

⎤
⎢
⎣

⎡
−=

62
11 3xx

E
xut                    (37)

  
 Figure 2 shows a comparison between EFG method, FEM and exact solutions for 
the displacements along the bar.  
 

FEM approximation was obtained using 22 LINK1 bar elements in a finite 
element analysis through ANSYS®. Considering these results, it can be concluded 
that the bar modelled trough EFG method is validated. 

L 

f(x)=x 

x 
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Figure 2: Displacement along of bar for exact, EFG method and FEM solutions. 
 
 
 
 
5.1.2   Reliability calculation 
 
The study of reliability analysis aims estimating the probability of failure  

( )[ ]0uxuPf ≤  which considers the displacement u in x direction. 
 

Table 1 summarizes the mean values of the design parameters (L, t, h, E) 
considered in this example. 

 
 
 
 
 

 L t h E (N/m2) 
Distribution Normal Normal Normal Normal 
Mean 1 1 1 2.1  1011×  

 
Table 1: Mean values for design parameters of bar. 

 
 
 
 
 

Figure 3 shows how the probability of failure varies as a function of 0u  for 
standard deviation (Std) varying between 1%, 1.5%, 2%, 2.5% and 3% of mean 
values, determined by repeating FORM and EFG methods integrated in reliability 
analysis. The probability of failure increases with standard deviation as expected. 
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Figure 3: Probability of failure of the bar using EFG method and FORM. 
 

Table 2 shows results comparison among FORM, SORM and HBRM using ACO 
determined by analytical and EFG methods. The results were obtained for: 

02.0=Lσ , 02.0=tσ , 02.0=hσ , 1110105.0 ×=Eσ  and 12
0 102.2 −×=u . 

 
Using the analytical model, FORM and SORM present the best results in 

comparison with ACO, but using EFG model, ACO presents the best performance. 
The results are considered satisfactory and demonstrate the applicability of these 
techniques in solving reliability problems associated with meshless methods in bars. 
 

 Analytic EFG 
 FORM SORM ACO FORM SORM ACO 
L  1 1 0.99 1.04 1.04 0.96 
t  1 1 1.01 0.99 0.99 0.99 
h  1 1 1.03 0.99 0.99 0.98 
E (N/m2)  1011×  1.67 1.67 1.86 1.91 1.91 2.32 
β 4.13 4.14 2.64 2.77 2.7591 3.06 
Pf (%) 0.002 0.002 0.41 0.28 0.29 0.11 
Reliability (%) 99.998 99.998 99.59 99.72 99.71 99.89 

 
Table 2: Reliability results of the bar. 

 
 
5.2 Cantilever beam 
 
Consider a cantilever beam of length L and height H subjected to a concentrated 
transversal force P at the free end as shown in Figure 4. In meshless discretization, it 
were used 91 uniformly spaced nodes as shown in Figure 4. The problem was solved 
for the plane stress case using 4x4 Gauss quadrature to evaluate EFG method. 
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Figure 4: Cantilever beam and their regular nodal arrangement. 
 
 
 
 
 
 
 

5.2.1   Model validation 
 

The exact solution to this problem is given by [34]: 
 

  ( ) ( ) ⎥
⎦

⎤
⎢
⎣

⎡
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−++−=

4
236

6

2
2 HyxxL

EI
Pyux ν             (38) 

 

  ( ) ( ) ( )⎥
⎦

⎤
⎢
⎣

⎡
−+⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
++−= xLxxHxLy

EI
Puy 3

4
543

6
2

2
2 νν         (39) 

 
where the moment of inertia I of the beam is given by  123THI =  with T 
representing the thickness of the beam. 
 
 Figure 5 is a comparison among EFG method, FEM and exact solutions for the 
displacements along the beam. FEM approximations were modelled by ANSYS® 
(BEAM3 beam elements) and MATLAB® (Euler-Bernoulli beam elements, see 
[35]). In these models L=0.4 (m), T=0.15 (m), H=0.003 (m), P=200 (N), 

 101.2 11×=E  (N/m2) and 3.0=ν . 

L Γu 

x 

P 

H 

y 
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Figure 5: Displacement in y of cantilever beam for exact, EFG method and FEM 
solutions. 

 
 
 

5.2.2   Reliability calculation 
 
Similarly, the study of reliability analysis in the beam aims estimates the probability 
of failure  ( )[ ]0uxuPf ≤  [for 09.00 =u  (m)] considering T, H, L, P like design 
variables. 
 

Table 3 shows the mean values of the design parameters considered in this 
application. 
 
 

 Distribution Mean Standard deviation 
T (m) Normal 0.15 0.00525 
H (m) Normal 0.003 1.05×10-4 
L (m) Normal 0.4 0.14 
P (N) Normal 200 7 

 
Table 3: Mean values for design parameters of bar. 

 
 
Table 4 summarizes the results obtained by FORM, SORM and HBRM using 

ACO determined by FEM (using Euler-Bernoulli beam elements) and EFG methods. 
In this case, using FEM and EFG method FORM and SORM present best results if 
compared with ACO. The results obtained by EFG are better than FEM 
counterparts. The results are considered satisfactory and demonstrate the 
applicability of these techniques in solving reliability problems associated with 
meshless methods in beams. 
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 FEM EFG 
 FORM SORM ACO FORM SORM ACO 
T (m) 0.15 0.15 0.15 0.15 0.15 0.15 
H (m) 0.0028 0.0028 0.0028 0.0028 0.0028 0.0031 
L (m) 0.42 0.42 0.42 0.37 0.37 0.3938 
P (N) 203.90 203.90 204.79 205.00 205.00 181.43 
β 2.56 2.558 2.42 3.5307 4.21 2.82 
Pf (%) 0.52 0.52641 0.77 0.02 0.001 0.24 
Reliability (%) 99.48 99.474 99.23 99.98 99.999 99.76 

 
Table 4: Reliability results of the beam. 

 
6  Conclusions 
 
A reliability methodology which couples FORM, SORM and HBRM with an 
element-free Galerkin method was suggested. Numerical examples based on one and 
two-dimensional problems in linear elasticity were used to illustrate the potentiality 
of the proposed procedure. Load, material and geometrical proprieties were 
considered as design parameters in numerical applications. Good agreement was 
observed between the results of the EFG method allied to RA. Considering the 
results obtained it is possible to conclude that the methodology presented can be 
used in more complex applications, since mesh generation of these structures can be 
far more time-consuming and costly than the solution of a discrete set of equations. 
The EFG method provides an attractive alternative to FEMs in evaluating limit state 
functions in stochastic mechanics problems. 
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