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Abstract   Piezoelectric elements connected to shunt circuits and bonded to a mechanical 
structure form a dissipation device that can be designed to add damping to the mechanical 
system. Due to the piezoelectric effect, part of the vibration energy can be transformed 
into electrical energy that is conveniently dissipated. Therefore, by using appropriate 
electrical circuits, it is possible to dissipate strain energy and, as a consequence, vibration 
is attenuated. The dissipation mechanism can be tuned to attenuate vibration either of a 
single mode, or multiple modes, according to the design of the shunt circuit and the 
frequency band of interest. The present contribution discusses the modeling of 
piezoelectric patches coupled to shunt circuits, where the basic parallel resonant shunt 
circuit is presented. The modeling of multi-degree-of-freedom mechanical systems, 
including the effects of the shunt circuit is briefly reviewed. A design methodology for the 
multi-modal case is discussed. Finally, experimental results are reported, illustrating the 
success of using the methodology presented, as applied to mechanical and mechatronic 
systems. 

1. INTRODUCTION 

The main effect of damping in a given structure is the reduction of vibration amplitudes, 
particularly in the resonance neighborhood [1]. In this context, piezoelectric elements 
connected to shunt circuits and bonded to a mechanical structure can be designed in order to 
form a dissipation device, as detailed in previous contributions [1]-[5]. The dissipation 
scheme is very simple and is related to the piezoelectric effect. According to this 
phenomenon, a part of the strain energy is transformed into electrical energy that is 
conveniently dissipated. Therefore, by using appropriate electrical circuits, it is possible to 
reduce the strain energy and, as a consequence, vibration is attenuated through the added 
damping circuit. 
 



From the electrical point of view, the piezoelectric element behaves like a capacitor in series 
with a controlled voltage source and shunt circuit, commonly formed by an RL network, is 
tuned to dissipate the electrical energy more efficiently in a given frequency band, like in an 
electrical band-pass filter. It is important to know that large inductances are required, 
particularly for the lower modes, leading to the necessity of using synthetic inductors 
(obtained from operational amplifiers), as can be seen in [5] and [6]. Otherwise the inductors 
would be cumbersome. From the mechanical point of view, the vibration energy can be 
attenuated in a single mode, or in multiple modes, according to the design of the damping 
device and the frequency band of interest. 
 
This work is devoted to the study of passive damping systems for single modes or multiple 
modes, based on piezoelectric patches and resonant shunt circuits. The modeling of 
piezoelectric patches coupled to shunt circuits in the multimodal context is addressed. 
Experimental results are reported, illustrating the success of using shunted piezoelectrics as a 
passive damping device. 

2. VIBRATION DAMPING THROUGH SHUNTED PIEZOELECTRICS 

2.1 Modeling of Shunted Piezoelectric Systems 

Figure 1 illustrates the case of a piezoelectric device (in the patch form) coupled to a shunt 
circuit and bonded to a flexible beam-like structure. Figures 1-(a) and (b) show the complete 
system and the simplified model for the passive damping system, respectively. 
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Figure 1: (a) Beam with a single piezoelectric device       (b) Model of piezoelectric patch with shunt circuit. 

PZT is the piezoelectric patch,  and i j  give the coordinate axes that indicate the direction for 
electrical and mechanical vectors, Tj  is the stress [N/m2],  and Ai A j  are the transversal 
section areas according to the vectors  and i j  [m2],  and Bi Bj  are the initial patch lengths 

according to vectors  and i j  [m], Sj  is the strain (non-dimensional), Z (SHUNT )si  is the 
electrical impedance of the shunt circuit [Ω], and s is the Laplace variable. 
 
As in [2], the general expression that describes the behavior of piezoelectric materials, such 
as the one shown in Figure 1, is written as: 
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where  is the vector of electrical displacement [C/mD 2],  is vector of electric field [V/m], 
 is the vector of material engineering strains (non-dimensional),  is vector of material 

stresses [N/m

E
S T

2],  is the matrix of dielectric constants for the material [Cε 2/(N.m2)],  is the 
matrix of compliance for the material [m

s
2/N] and d  is the piezoelectric material constant 

relating strain to voltage [m/V]. 

2.2 Applications using Resonant Shunt Circuits 

Consider the case illustrated in Figure 1, in which the applied electrical field and the strain of 
the patch are coaxial. According to [2], [5] and [8], the frequency response function (FRF) 
that relates the acceleration and the external force of a resonant shunted piezoelectric in the 
Laplace domain is: 
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where  and  are commonly known as the modal stiffness and modal mass, respectively 
(for mode ); and 

rk rm

r ( )MECZ sjj  is the mechanical impedance associated with the resonant 
shunted piezoelectric (it depends on the topology adopted for the shunt circuit). Figure 2 
shows the circuit used in this paper, i.e., the so-called resonant shunt circuit in the parallel 
topology. 
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Figure 2.Parallel Resonant Shunt Circuit. 

 
L  and R  are the inductance and the resistance of the shunt circuit and PZTC  is the 
capacitance of the piezoelectric patch. 
 
Previous contributions such as [2], [4], [5] and [7] show how to obtain the expression of the 
mechanical impedance of the shunted piezoelectric. Thus: 
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: is the electromechanical coupling coefficient (physically, its square 

value represents the percentage of mechanical strain energy that is converted into 
electrical energy and vice-versa), 
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i T : is the non-dimensional electrical impedance, 

• T
PZTC : is the capacitance of the piezoelectric patch at constant stress (free), and 

• 1 1( )SHUNTY s
Ls R

= +i : is the electrical admittance of the shunt circuit. 

 
The optimal design of the shunt parameters, namely the values for the resistance and 
inductance, is given directly by a couple of simple equations, as demonstrated in [4]. The 
author gives a complete derivation in terms of an analogy with a passive dynamic vibration 
absorver. Therefore, the expressions for the inductance and resistance are: 
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where  is the generalized electromechanical coupling coefficient, obtained experimentally 
through the following equation [2]: 
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where D
nω  and E

nω  are the natural frequencies of the mechanical system taken when the 
shunt circuit is opened and shorted, respectively. 
 

3. MULTIMODAL VIBRATION DAMPING 

3.1 Multiple Degree-of-Freedom Systems 

The equation of motion for the undamped N multiple degree-of-freedom (MDOF) system can 
be written in the matrix notation as: 

  (6) [ ] [ ] { } { }2K M xω⎡ ⎤−⎣ ⎦ f=



where { } { } j tx X e ω=  and { } { } j tf F e ω=  are the vectors of displacement and external forces, 
respectively. 
  
For the MDOF system, the FRF that relates the acceleration obtained at the position i  when 
an external force is applied at the position  is given by the following equation: k
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where each pair { }rψ  and r
r

r

k
mω =  characterizes a mode of vibration of the system. In 

order to obtain more details about MDOF systems refer to [8]. 

3.2 Modeling of Shunted Piezoelectrics for MDOF Systems 

It is possible to note the similarity between Eq. (2), which describes the system of 1 DOF 
containing the passive damping device and Eq. (7), which describes a MDOF system. It can 
be observed that Eq. (7) takes into account the influence of the N modes on the system 
response.  
 
This way, by considering the analyses above, the effect of the piezoelectric patches and their 
shunt circuits can be introduced easily in the MDOF system. This can be achieved by adding 
the term ( )rMECZ sjj  in the denominator of Eq. (7). Mathematically: 
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As an example, take for instance the case as depicted in Figure 3. This figure illustrates an 
undamped flexible beam (a) containing two piezoelectric passive damping systems (b). A 
PZT and its shunt circuit compound each passive device. Damping in this case is designed to 
reduce the vibration amplitudes of two pre-defined modes simultaneously. 
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Figure 3. Beams (a) without and (b) with piezoelectric shunt devices. 

Figure 4 shows the FRF obtained numerically. The circuits were designed to reduce the 
vibration amplitudes of the second and third modes, simultaneously. 
  



 
Figure 4. FRF for systems with and without passive damping. 

4. OPTIMAL DESIGN STRATEGY 

Equation (8) shows that a modification introduced in any mode influences all the frequencies 
of the FRF. This means that the effect of a resonant shunt circuit, tuned for a specific mode, 
does not influence a single frequency, but the frequency band as a whole. Therefore, 
considering the design for multimodal passive vibration suppression systems, it is easily 
noted that the circuits cannot be designed separately, using closed solutions, as for the single 
mode case. Thus, the most effective strategy should consider either the influences of each 
mode and the band of interest. In this work, the design of the resonant shunt circuits is treated 
as an optimization problem, as presented in [3] and [9]. 

4.1 Optimal Design of Shunt Circuits for MDOF Systems 

For illustration, consider the situation shown in Figure 3-(b) and described by Eq. (8). The 
response, ik ( )H s , must be minimized over predefined frequency bands as chosen by the user. 
For example, in the case illustrated by Figure 3 and Figure 4, the second and third modes 
were taken as target modes for attenuation purposes. Consequently, in the most general case, 
the system may have a group of N  piezoelectric patches and their shunt circuits, each one 
tuned up for a different mode. Under these circumstances, the optimal design of shunt circuits 
consists of determining the value of each one of the N  inductors and N  resistors to be used 
in the shunt circuits. 
 
Then, the optimization problem is defined as the minimization of the objective function given 
by: 
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• p : is the number of values of ik ( )H s ; these values are computed by using the 
modeling of multi-modal piezoelectric shunt systems as shown in the previous 
section, 

• ik ( )H s : is the frequency response function,  
•  and iL iR : are the inductors and resistors to be used in the damping of the  mode, 

respectively, and 
ith

• N : is the number of shunt circuits to be used. 
 
The optimization task that defines the design of the shunt circuits is an example of direct 
problem. In spite of this, the use of classical optimization methods fails in many cases, due to 
local minima found in the design space. For this reason, in the present work, a natural 
optimization method was used, namely the LifeCycle Model, to be briefly reviewed in the 
following sub-section. 

4.2 LifeCycle Model – a review 

The LifeCycle Model is inspired on the biological concept of life cycle, which defines the 
passage through various phases during the life of an individual. From the optimization 
viewpoint, the capability of changing to a different stage by searching for a way to improve 
the own fitness is used to provide a mechanism of self-adaptation for the optimization 
problem. Algorithms like Genetic Algorithm [10] and Particle Swarm Optimization [11] are 
search methods that have been proved efficient as optimization tools, but LifeCycle Model 
intends to use the positive characteristics found in both methods. By the way, each 
individual, as a candidate solution, decides based on its success if it would prefer to belong to 
a population of a GA or to swarm of a PSO. The outline of a basic LifeCycle algorithm is as 
follows: 
 

1. Initialize the algorithm parameters for the PSO and GA. 
2. Evaluate the fitness for all particles (PSO) and individuals (GA). 

If there is no recent improvement, switch the LifeCycle stage (change from 
GA to PSO or vice-versa). 

3. For all PSO particles, run the PSO algorithm. 
4. For all GA individuals, run the GA algorithm.  
5. Go to step 2 and repeat until the stop criteria are achieved. 

 
In order to obtain details about LifeCycle Model consult [5] and [12]. 

5. EXPERIMENTAL RESULTS 

Using a mechanical system composed by a flexible beam, two piezoelectric patches and their 
respective shunt circuits, it was possible to perform the experimental verification of the 
design methodology presented above. Figure 5 shows details of the experimental setup. 
Figure 5-(a) gives the configuration for single mode vibration suppression, in which a single 
piezoelectric patch and shunt circuit are used. Figure 5-(b) shows the configuration for two 
modes, in which a pair of PZT patches and shunt circuits is needed. 
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Figure 5. Mechanical system. 

5.1 Single mode case 

According to the presented formulation for single mode attenuation, the parameters used in 
the shunt circuit are as follows: = 585.416 [K ]OPTMR Ω  and  
(

 = 2.4986 [H]OPTML
50.5033 FPZTC η=  for the piezoelectric patch). 

 
Figure 6 shows the experimental results obtained for the single mode case. 

 

 
Figure 6. Experimental results for single mode case. 

5.2 Multimode case 

As described previously, the design of shunt circuit parameters for the multimode case is 
treated as an optimization problem. The attenuation of the vibration in the neighborhood of 
the second and third modes is addressed in the present work. 



Table 1 gives the shunt circuit parameters, as obtained by following the optimization 
approach as described above. Figure 7 gives the characteristics of the optimal design. Figure 
7-(a) shows the frequency bands of the spectrum chosen to have their vibration amplitudes 
minimized. Figures 7-(b) and (c) give the evolution of the LifeCycle during the optimization 
process. 
 

Table 1. Optimal design of the shunt circuit parameters. 

Mode [K ]OPTMR Ω  [H]OPTML  
2º 814.8445 17.1468 
3º 53.7718 2.5338 

 

 
Figure 7.Design for second and third modes. 

It is essential to point out the importance of the optimization process in the design of the 
parameter of the shunt circuits. The parameters calculated by using the single mode 
formulation give an objective function value equal to { } { } 5

single single( , ) 1.9407 x 10J =L R ; on 
the other hand, the design obtained from the optimization process 
gives { } { } 5

optm optm( , ) 1.7812 x 10J =L R . 
 
Figure 8 shows the experimental results obtained for the multimode case. 
 

 
Figure 8. Experimental results for the first and second modes. 



6. CONCLUSIONS 

The present contribution was dedicated to the study of passive vibration damping by using 
piezoelectric patches and resonant shunt circuits. The analytical model of the system shows 
that the general behavior of shunted piezoelectric systems is similar to the classical dynamic 
vibration absorber. It was observed that it is possible to obtain closed form solutions for the 
shunt parameters in the case of single mode attenuation. In the other hand, in the case of 
multi-mode damper, the optimal shunt parameters have to be obtained through optimization 
techniques. It was necessary to design synthetic inductors based on operational amplifier, to 
avoid cumbersome traditional inductors. Both numerical and experimental results are very 
encouraging in the sense that electric shunt circuits can be successfully used in order to 
attenuate vibrations of flexible structures.   
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