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Abstract. Optimization techniques have been applied to a variety of direct and inverse nonlinear problems in 
engineering and sciences. Thus, the purpose of this paper is to show how natural optimization methods perform in that 
context. The work is focused on three heuristic methods, namely Genetic Algorithms (GA), Particle Swarm 
Optimization (PSO) and LifeCyle Model. These algorithms are presented taking into account their main aspects. Also, 
representative case studies of each heuristic encompassing both direct and inverse problems are presented. A 
statistical analysis of their performance and a comparison among them is shown. The results illustrate the potential of 
these techniques involving applications with discrete and/or continuous variables. 
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1. Introduction 
 

Engineers and scientists are constantly searching for techniques aiming at finding optimal solutions for a variety of 
problems, such as structural and multidisciplinary optimization, direct and inverse problems. In general, the 
optimization work is compound by elements such as the design space (or search space), where all possible solutions for 
a problem are considered; the objective function (known also as cost function, fitness function, evaluating function), 
that is the way to evaluate each point of the design space; the constraints, that impose restrictions to the project; and the 
solver, or in the other words, the algorithm that will look for the solution of the optimization problem. As a 
consequence, the key of the success for this work resides in the choice of the appropriate method that will best manage 
to the solution of the problem. 

In this sense, the solver can be implemented by using a classical method as based on differential calculus 
(Vanderplaats, 1999), or alternatively, the algorithm can be motivated by some natural phenomena (Haupt and Haupt, 
1998; Rasmussen, 2002). Figure 1 shows a classification scheme including various optimization approaches that can be 
classified as either classical or natural. 
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Figure 1. Optimization Methods (adapted from Rasmussen, 2002). 
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Classical methods have been widely used due to their computational efficiency, since the evaluation of the 

objective function is performed for a single point and the local search is guided by information about the gradient. 
However, these two characteristics lead to a drawback, when a local minimum is found. It is quite often erroneously 
interpreted as the global one. In the other hand, natural methods are in general zero-order methods, and consequently 
they do not need information about the gradient. They have several advantages, such as the easiness to code, the 
efficiency in making use of parallel computing architectures and the trend to find the global, or near global, solution. As 
a consequence of the large number of function evaluations, the disadvantage of a heavy computational effort usually 
can be observed. 

The present paper focuses on the review and applications of three natural methods, namely Genetic Algorithms 
(GA), Particle Swarm Optimization (PSO) and LifeCycle Model (LifeCycle). This contribution includes a short 
presentation of each one of the methods together with representative applications. The applications include multi-modal 
function optimization, the design of an electric circuit used for passive shunted-piezoelectric vibration attenuation, and 
inverse problems, such as the parameter identification of a multi-degree-of-freedom system. 

 
2. Genetic Algorithms 
 

GA is an optimization algorithm based on Darwin’s theory of survival and evolution of species. The algorithm starts 
from a population of random individuals, viewed as candidate solutions to the problem. During the evolutionary 
process, each individual of the population is evaluated, reflecting its adaptation capability to the environment. Some of 
the individuals of the population are preserved while others are discarded; this process mimics the natural selection in 
the Darwinism. The remained group of individuals is paired in order to generate new individuals to replace the worst 
ones in the population, which are discarded in the selection process. Finally, some of them can be submitted to 
mutation, and as a consequence, the chromosomes of these individuals are altered. The entire process is repeated until a 
satisfactory solution is found. 

The outline of a basic GA is as follows: 
1. Define the GA parameters (population size, selection method, crossover method, mutation rate, etc.). 
2. Create an initial population, randomly distributed throughout the design space (other distributions can be 

performed). 
3. Evaluate the objective function and take it as a fitness measure of each individual. 
4. Select mates to the crossover; this mimics the natural selection. 
5. Reproduce and replace the worst individuals in the population by the offspring. 
6. Mutate, to avoid premature convergence (other parts of the design space are explored). 
7. Go to step 3 and repeat until the stop criterion is achieved. 
 
Although the initial proposed GA was dedicated to discrete variables, nowadays, improvements are available to deal 

with discrete and continuous variables, see Michalewicz, (1994) and Haupt and Haupt (1998) for more details. 
Similarly, basic GA does not take into account any constraint function. More recently, penalty functions have been used 
to form a pseudo-objective function for optimization purposes. 
 
3. Basic Particle Swarm Optimization 
 

The social psychologist James Kennedy and the electrical engineer Russel Eberhart introduced PSO in 1995 
(Kennedy and Eberhart, 1995). The method is inspired in the social behavior of some bird species. The main idea of the 
PSO is to reproduce the search procedure used by a swarm of birds when looking for food or nest. This is achieved by 
modeling the flying using a velocity vector. The velocity vector considers a contribution of the current velocity and 
other two portions referred to the knowledge of the particle itself and of the swarm, respectively, about the search space. 
In such a way, the velocity vector is used to update the position of each particle in the swarm. 

It can be seen below an outline of a basic PSO algorithm. 
1. Define the PSO parameters (swarm size, inertia value, “trust” parameters, etc.). 
2. Create an initial swarm. 
3. Update the velocity vector for each particle. 
4. Update the position for each particle. 
5. Go to step 3 and repeat until the stop criterion is achieved. 
 
The following equation is used to update the position of each particle: 

1
i i i
k k kx x v−= + ∆t  (1) 

where: 
• i

kx  is the position of the particle i  in the iteration , k



 

•  represents the corresponding velocity vector, and i
kv

•  is the time step (used as a equal to one in this work). t∆
 
The scheme for updating the velocity vector of each particle is given by the equation: 
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where: 
•  is the inertia of the particle, w
•  and  are the two “trust” parameters,  1c 2c
•  and  are random numbers between 0 and 1,  1r 2r

•  is the best position found by the particle  until this point in the optimization process, ip i

• 1
s
kp −  is the best swarm position in the iteration 1k − . 

 
Equation (2) can be interpreted as a sum of three different contributions. The first term, pondered by the inertia, , 

gives how much “exploration” will be in the result velocity. The second term, pondered by the self trust parameter, , 
indicates how much the knowledge of the particle itself will be in the resulting velocity. Finally, the term weighted by 
the trust on the swarm, , gives how much the swarm success (social) will influence the resulting velocity. As a 
consequence, it can be concluded that the larger the inertia value, more global (as opposed to individualistic) will be the 
behavior. The trust parameters  and  must be set to balance the influence of the knowledge that was acquired by 
the particle itself and the knowledge acquired by the swarm. 

w
1c

2c

1c 2c

 
3.1 Initial Swarm 

 
The initial swarm is usually distributed randomly throughout the search space. The initial position and the initial 

velocity vectors are given by the following equations: 

0 min 1 max min( )ix x r x x= + −  (3) 
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where  and  are random numbers between 0 and 1, 1r 2r minx is the lower bound vector and maxx  is the upper bound 
vector for the variables. 
 
3.2 Problem parameters 

 
The velocity vector update formula has some parameters that can be adjusted according the problem, namely the 

trust parameters,  and , and the inertia weight . 1c 2c w
Various works (Kennedy and Eberhart, 1995; Rasmussen, 2002; Venter and Sobieski, 2002a; Rojas et al., 2004) 

propose using  and . In addition, the trust parameters can be set to different values, generally 
satisfying . In this work these values are adopted as 

1 2 2c c= = 0.8 1.4w≤ ≤

1 2 4c c+ = 1 1.5c =  and 1 2.5c = . 
For the inertia weight, a scheme of dynamic reduction is available, the so-called mass extinction operator, as can be 

seen in Venter and Sobieski (2002a); Xie, Zhang and Yang (2002) and Rojas et al. (2004). The idea is to start with a 
large  value, since the knowledge bases of the particle and the swarm are empty, and then reduce continuously that 
value during the optimization process, privileging the flying experiences. This approach makes the problem quite free 
from the value assigned to w. The following equation gives the updating scheme for : 

w

w

new w oldw f w=  (5) 

where  is the updated value;  is the previous value and  is a constant between 0 and 1. In this work 
 is used throughout. 

neww oldw wf
0.975wf =



w  is not updated at each iteration. A coefficient of variation ( CV ) for a subset of the best particles is monitored. If 
the falls below a pre-defined threshold value, it is understood that the algorithm is converging towards an optimum 
(Venter and Sobieski, 2002a and Rojas et al., 2004), then Eq. (5) is applied.  CV  is given by the following equation: 

CV

StdDevCV
Mean

=  (6) 

where  is the standard deviation and StdDev Mean  is the mean of the objective function for the  considered set of 
particles. In this work, a subset of the best 20% of particles from the swarm is monitored and a  threshold of 

 is used. 
CV

1CVthresh =
 
3.3 Dealing with Violated Constraints 

 
When, in an optimization problem, the particles violate the constraints, an strategy for repairing the violation has to 

be considered. As suggest by Venter and Sobieski (2002a), the idea of feasible directions (Vanderplaats, 1999), is used 
to achieve this goal. 

In such a way, when the constraints are violated, the velocity vector is recomputed following the equation: 
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After obtaining the new velocity vector, the position is recalculated by using Eq. (1). The difference between this 
formula and the initial one is that the current velocity is neglected. According to Venter and Sobieski (2002b), in most 
cases this new velocity vector will bring the particle back to a feasible region in the search space. 

 
3.4 Discrete/Integer Variables 

 
The PSO algorithm and the Genetic Algorithm differ historically in this point, since the first one was originally 

introduced to solve continuous problems and the second one was designed to solve discrete problems. However, this 
fact does not make unfeasible an implementation of PSO algorithm to solve discrete problems. A simple modification 
can make the algorithm to deal with the position of each particle as an integer number. The approach is straightforward: 
the position of each particle is rounded to its closest integer value after applying Eq. (1) or Eq. (3). This method, 
although simple, was shown to be quite effective in several tested problems. 

 
4. LifeCycle Model 
 

From a biology viewpoint, the term life cycle is used here to define the passage through the phases during the life of 
an individual. As life phases, can be cited the sexual maturity and the mating seasons, for example. Although it does not 
happen in every case, the transitions between life cycle phases are started by environmental factors or by the necessity 
to fit to a new condition, as shown in Krink and Løvberg (2002). The transition process promotes the maturity of an 
individual and contributes to the adaptation and evolution of its species. 

LifeCycle Model is a computational tool motivated by the biologic concept of life cycle. From the optimization 
viewpoint, LifeCycle has to do with the capability of changing to a different stage, by searching a way to improve its 
own fitness to the environment. This behavior can be used to inspire a new optimization method. As a parallel with 
what happens in nature, the fitness offers a criterion used by each individual to shift to another life stage. To close the 
definition, LifeCycle stages must be presented. In the present work, two heuristics are used as stages, namely the GA 
and the PSO. Other versions of the LifeCycle can be proposed by considering other heuristics and a mix of them, as 
shown in Krink and Løvberg (2002). 

As discussed above, LifeCycle does not follow a rigid format as proposed in Assis and Steffen (2003), in which 
various techniques are used sequentially in a cascade-type of structure. Instead, the set of heuristics is manipulated by a 
transition scheme in order to provide a mechanism of self-adaptation to the optimization problem. 

The outline of a basic LifeCycle algorithm is as follows: 
1. Initialize the algorithm parameters for the PSO and GA. 
2. Evaluate the fitness for all particles (PSO) and individuals (GA). 

If there is no recent improvement, switch the LifeCycle stage (change from GA to PSO or vice-versa). 
3. For all PSO particles, run the PSO algorithm. 
4. For all GA individuals, run the GA algorithm. 
5. Go to step 2 and iterate until a stop criterion is achieved. 
 

4.1 Parameters of LifeCycle Model 
 



 
Once the algorithm is composed by various heuristics, it is necessary to set the parameters of every heuristic used in 

the LifeCycle. Nevertheless, there is a parameter inherent to the LifeCycle, namely the number of iterations that 
represents a stage of the LifeCycle. This parameter, called stage interval, must be set by the user and can be changed 
according to the problem. At the end of each stage interval, the less well-succeeded individuals must change their stage 
in order to improve their fitness. 

 
4.2 The stop criteria 

 
In this work no convergence criterion was used. Simply, the number of iterations was defined previously and the 

algorithm runs until this number is achieved. 
 

5. Applications 
 
5.1 Applications in Multimodal Functions 
 

This kind of application is specially interesting since it make possible the analysis of operators, stop criteria, 
manipulation of constraints, etc. In this work, the application consists in to maximize the function given for: 

( ) ( )( ) 10sin 5 7 cos 4 ,           0 10f x x x x x= + + ≤ ≤  (8) 

The performances of GA, PSO and LifeCycle were tested following the parameter setups given by Tab. (1). 
 

Table 1. Parameter setups for GA, PSO and LifeCycle in the multimodal function application. 
Number of Individuals Number of Generations GA 20 50 

 
Number of 
Particles w  

Self Trust 
( ) 1c

Swarm Trust 
( ) 2c t∆  Number of 

Iterations PSO 
20 1.4 1.5 2.5 1 50 

 
Number of Individuals Number of Iterations Stage Interval LifeCycle 20 50 5 

 
The results for GA can be visualized in Fig. 2. Figures 2-(a) and (b) show the objective function and the initial and 

final distribution of the individuals in one of the accomplished simulations. Figures 2-(c) and (d) show the statistical 
analysis for 1000 simulations. According to this analysis, the average value for the optimum founded by GA was 

, that has . 7.8581optmx = ( ) 24.8550optmf x =

 

 
Figure 2. GA’s performance for multimodal functions. 

 
Following the analysis, the results for PSO can be visualized in Fig. 3. As in the previous case, it can be viewed the 

result of one of the accomplished simulations, Figs. 3-(a) and (b). Also, Figs. 3-(c) and (d) show the statistical analysis 
for 1000 simulations. In this case, the average value for the optimum founded by PSO was , that has 

. 

7.8565optmx =

( ) 24.8502optmf x =



Finally, the results for LifeCycle can be visualized in Fig. 4. Figures 4-(a) and (b) show the objective function and 
the initial and final distribution of the individuals in one of the accomplished simulations. For this simulation, the 
evolution of the algorithm during the optimization process can be viewed in Figs. 4-(c) and (d). This figure underlines 
the LifeCycle self-adaptation behavior. The statistical analysis for 1000 simulations is showed in Figs. 4-(e) and (f). The 
average value for the optimum as founded by LifeCycle was , that has . 7.8570optmx = ( ) 24.8496optmf x =

 

 
Figure 3. PSO’s performance for multimodal functions. 

 

 

 
Figure 4. LifeCycle’s performance for multimodal functions. 

 
5.2 Applications with Discrete/Continuous Variables 

 
Figure 5 shows the lumped parameter mechanical system of 7 DOF to be used in this application (Pacheco, 2001). 
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Figure 5. 7 DOF mechanical system. 

 
The equations of motion in the matrix form is given by: 

 [ ]{ } [ ]{ } [ ]{ } { }M x C x K x f+ + =  (9) 

Table 2 shows the eigenvalues. 
 

Table 2. Mechanical system eigenvalues. 
Mode Eigenvalues 
1 -1.81147  ±  128.34612i 
2 -20.02327  ±  293.05398i 
3 -16.84725  ±  566.61659i 
4 -41.66667  ±  815.43274i 
5 -42.78742  ±  826.96349i 
6 -58.47999  ±  898.01644i 
7 -47.55062  ±  934.7517i 

 
Usually damage can be characterized by stiffness reduction in the springs. In the present case, reducing the stiffness 

values of springs k1 and k7 3.5% and 5%, respectively, represents localized damage. This structural modification leads 
to a different dynamic behavior of the system, as characterized by the change of the eigenvalues and eigenvectors. 
Consequently, an identification scheme can be constructed by comparing the eigenvalues of the damaged case with 
those calculated from other arbitrary damage configurations.  

The corresponding optimization problem consists of minimizing the performance criterion given by: 

 { } { }( ) ( )2( ) ( )
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p system
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ω ω
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subject to: 

  (11) 1 1

2 2

1 9,           0 10%
1 9,           0 10%

p d
p d

< < < <
< < < <

where: 
• { }p : is the vector of spring positions, 

• { }d : is the vector of damage magnitude (it varies in a range of 0 to 10%), 



• : is the vector of damped frequencies of the arbitrarily damaged structure (the trial damage 
configuration is represented either by a particle or an individual in LifeCycle), and 

(trial
iω )

)• (system
iω  is the vector of damped frequencies of the damaged system. 

 
Table 3 shows the setup for LifeCycle technique in the present problem. 
 

Table 3. Parameter setups for LifeCycle in the discrete/continuous variables application. 
Number of Individuals Number of Iterations Stage Interval LifeCycle 50 100 5 

 
A set of 10 simulations was performed in order to check the efficiency and repeatability of the LifeCycle. Table 4 

presents both the identified spring numbers and their damage magnitudes. 
 

Table 4. Damage Identification Results. 

Simulation Spring 
number 

Damage 
magnitude [%] Error [%] Spring 

number 
Damage 

magnitude [%] Error [%]

1 1 3.4805 -0.55727 7 4.9695 -0.60911 
2 1 3.4382 -1.76594 7 5.0271 0.5421 
3 1 3.4937 -0.17942 7 5.0025 0.05026 
4 1 3.4853 -0.41857 7 4.8922 -2.15559 
5 1 3.4853 -0.41906 7 5.0048 0.09583 
6 1 3.4848 -0.43546 7 4.8732 -2.53605 
7 1 3.4804 -0.55986 7 4.9895 -0.20948 
8 1 3.5324 0.92526 7 4.9421 -1.15739 
9 1 3.5284 0.81263 7 5.0614 1.22741 
10 1 3.5142 0.40671 7 4.9820 -0.36079 

 
5.3 Applications in Engineering 
 

Finally, next application consists of the design of a passive damping system based on shunted piezoelectrics.  
Piezoelectric elements (PZTs) connected to shunt circuits and bonded to a mechanical structure form a dissipation 
device that can be designed to add damping to the mechanical system. Due to the piezoelectric effect, part of the 
vibration energy is transformed into electrical energy that can be conveniently dissipated. Therefore, by using 
appropriate electrical circuits, it is possible to dissipate strain energy and, as a consequence, vibration is suppressed 
through the added passive damping. From the electrical point of view, the piezoelectric element behaves like a capacitor 
in series with a controlled voltage source and the shunt circuit, commonly formed by an RL network, is tuned to 
dissipate the electrical energy. This is achieved along a previously defined frequency band. From the mechanical point 
of view, the vibration energy can be attenuated in a single mode, or in multiple modes, according to the design of the 
damping device and the frequency band of interest. 

Figure 6 shows the system described above: a cantilever beam-like structure with two PZTs and their shunt circuits. 
In this case, the shunt circuits are designed in order to achieve optimum damping in two given frequency bands. 

Clamp

Beam

PZT 01
PZT 02

shunt
circuit 02

R2 L2

shunt
circuit 01

R1
L1

 
Figure 6. Mechatronic structure. 

 
The optimization problem starts with the system modeling. This way, consider the case in which a single harmonic 

force kF  is applied at point  and the frequency response function (FRF) k ik ( )H ω  is obtained at point . As stated 
above the dynamic response must be minimized over predefined frequency bands, chosen by the designer. For example, 
Fig.7-(a) shows a damping device as designed to damp out the amplitudes of the second and third vibration modes. In 
this case, the design consists in determining the values of the two inductors and the two resistors to be used in the shunt 
circuits. 

i



 
Then, the optimization problem is defined as the minimization of the objective function, as given by Eq. (12). This 

means that the vibration amplitudes will be minimized in predefined regions of the frequency spectrum. 

 { } { } ik
1

( , ) ( )
p

m
m

J H ω
=

= ∑L R  (12) 

subject to: 

  (13) ,           ,           1, 2,...,upper upperlower lower
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where: 
• is the number of values of p ik ( )H ω ; these values are computed by using the proper modeling of multimodal 

piezoelectric shunt systems as can be found in Viana (2005) and Viana and Steffen (2005), 
• ik ( )H ω  is the frequency response function,  
•  and  are the inductors and resistors to be used in the damping of the  mode, and iL iR ith
•  is the number of shunt circuits to be used.  N
 
Table 5 shows the setup for LifeCycle in this problem. 
 

Table 5. Parameter setup for LifeCycle – shunted piezoelectrics. 
Number of Individuals Number of Iterations Stage Interval LifeCycle 10 30 5 

 
Figure 7 shows the FRFs obtained for the undamped and damped cases. Figure 7-(a) presents the regions of the 

frequency spectrum for which vibration amplitudes are to be minimized. Figures 7-(b) and (c) show the evolution of 
LifeCycle during the optimization process. 

 

 
Figure 7. Optimum damping design - second and third modes. 

 
6. Conclusions 
 

This paper presented the possibility of using natural optimization techniques to solve direct and inverse problems in 
various science and engineering applications. For this aim, the most important aspects of optimization techniques are 
reviewed and a compact classification of the optimization methods is shown. Then, three different natural methods, 
namely, Genetic Algorithms, Particle Swarm Optimization and LifeCyle Model are revisited. All of them were 
discussed both in conceptual and practical points of view. In the case study section, it was performed different 
applications: a) multimodal function optimization; b) inverse problem with discrete-continuous variables, and c) design 
of a mechatronic engineering system. The following conclusions can be drawn: in all cases studied, the heuristics used 
performed satisfactorily; the statistical analysis exhibited the heuristic nature of the algorithms; the robustness of the 
techniques used was shown through repeatability and statistics; the methodology as able to deal with many design 
variables (discrete and continuous) in the context of an inverse problem; heuristic methods represent an interesting 
alternative to deal with damage detection problems; real world engineering problems can be solved by using the 
techniques presented. Finally, the authors are encouraged to pursue their research work in the sense of trying to solve 
complex engineering problems using natural optimization approaches.   
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